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ANTICANONICAL TROPICAL CUBIC DEL PEZZOS CONTAIN EXACTLY 27
LINES
MARIA ANGELICA CUETO§ AND ANAND DEOPURKAR
Abstract. The classical statement of Cayley-Salmon that there are 27 lines on every smooth
cubic surface in P3 fails to hold under tropicalization: a tropical cubic surface in TP3 often contains
infinitely many tropical lines. Under mild genericity assumptions, we show that when embedded
using the Eckardt triangles in the anticanonical system, tropical cubic del Pezzo surfaces contain
exactly 27 tropical lines. In the non-generic case, which we identify explicitly, we find up to 27
extra lines, no multiple of which lifts to a curve on the cubic surface.
We realize the moduli space of stable anticanonical tropical cubics as a four-dimensional fan
in R40 with an action of the Weyl group W(E6). In the absence of Eckardt points, we show the
combinatorial types of these tropical surfaces are determined by the boundary arrangement of 27
metric trees corresponding to the tropicalization of the classical 27 lines on the smooth algebraic
cubic surfaces. Tropical convexity and the combinatorics of the root system E6 play a central role
in our analysis.
1. Introduction
A persistent theme in tropical geometry has been to explore tropical analogues of classical results
in algebraic geometry. In this paper, we address the tropicalization of the well-known theorem of
Cayley and Salmon [6] that there are 27 lines on any smooth cubic surface in P3 over an algebraically
closed field. Work of Vigeland [35] shows that this statement, taken literally, fails in tropical
geometry. He provides examples of cubic surfaces X over valued fields whose tropicalization in TP3
contains infinitely many tropical lines, moving along one-parameter families in the interior of the
tropical surface T X. Recent work of Panizzut-Vigeland [26, Theorem 1] complements this result
with a complete classification of the combinatorial position of all tropical lines on each smooth
tropical cubic surface, building on [18, Section 6.2].
Since tropical varieties are coordinate dependent [22], it is conceivable that a different choice
of embeddding could correct the discrepancy between the count of classical and tropical lines.
The present paper proposes the anticanonical embedding as the appropriate model that corrects
this pathology, ending a decade-long search. More explicitly, we show that the tropicalization of
the (linearly degenerate) embedding of X in P44 defined by the 45 distinguished sections of the
anticanonical bundle corresponding to the 45 (Eckardt) tritangent planes of X ⊂ P3 prevents the
superabundance of tropical lines on smooth tropical cubic surfaces in almost all cases.
Throughout this paper, we let K be an algebraically closed valued field with char K 6= 2, 3 with
residue field K˜ with equal characteristic restrictions. By an anticanonical cubic del Pezzo surface
over K, we mean a cubic del Pezzo surface embedded in P44K as described above.
Theorem 1.1. Let T X ⊂ TP44 be an anticanonical tropical del Pezzo surface associated to a non-
zero point in the moduli space of stable tropical cubic surfaces defined over K. Then, TX contains
exactly 27 tropical lines, all of which lie in its boundary.
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For a more precise statement, we refer to Theorem 7.1. Our work builds on recent developments
on tropicalization of classical moduli spaces by Ren, Sam, Shaw and Sturmfels [27, 28]. The moduli
space of stable tropical del Pezzo surfaces mentioned above is the Naruki fan from [28]. Unstable
surfaces are those that cannot be obtained as a limit of tropical surfaces arising from the maximal
cones of this fan.
The apex of the Naruki fan is the single cone not addressed in Theorem 1.1. Its unique associated
stable tropical surface corresponds to tropicalizations of smooth cubics X ⊂ P44 defined over
trivially valued fields. In this case, we get exactly 27 extra tropical lines in the interior of T X. In
the unstable case, the construction gives an upper bound for the number of extra tropical lines.
Realizability of tropical cycles supported on subsets of these extra lines by algebraic curves in X
arises as a natural question [4, 5, 23, 24]. Intersection theory techniques rule out liftings of tropical
cycles supported on a single tropical line. Furthermore, even though cubic surfaces contain pencils
of residual conics [33], we show that their tropicalizations do not agree with these pairs of extra
tropical lines. In summary:
Theorem 1.2. Tropical surfaces associated to the apex of the Naruki fan contain up to 27 additional
non-generic tropical lines in its interior: each one is a star tree with five rays. This bound is attained
when the surface is stable. In all cases, no pairwise combinations nor multiples of these extra lines
are realized by curves on the cubic surface in P44.
We now sketch the main ideas underlying our study of tropical anticanonical cubic surfaces. The
first key input is the rich combinatorics of the incidence relations among the 27 lines discovered
by Cayley [6], Clebsch [7] and Salomon [29]. Recall that the pairwise intersection patterns of the
27 lines is independent of the cubic surface. Encoded in a graph, it forms the 10-regular graph
on 27 vertices called the Schla¨fli graph, which is also the edge-graph of Gosset’s six-dimensional
polytope 221 [11, 30]. Although pairwise intersections bring no surprises, there are some surfaces
on which unexpected triple intersections happen—the three lines forming a tritangent plane (i.e.,
an anticanonical triangle) may degenerate to three concurrent lines. In this case, the point of
concurrency is called an Eckardt point [15]. Throughout this paper, we restrict ourselves to cubic
surfaces with no Eckardt points.
A second key input in this paper is a uniformization of the moduli space of (classical) cubic
del Pezzo surfaces by the root system of type E6. Recall that cubic del Pezzos can be obtained
by blowing up P2 at six points in general position. By choosing suitable planar coordinates, we
may assume that these six points lie on the cuspidal cubic y3 = x2z, which has the rational
parametrization t 7→ [1 : t : t3]. As a result, we represent the six points by six parameters d1, . . . , d6
in K. The six points are in general position (no three on a line, no six on a conic) if and only if the
parameters satisfy
(1.1) di − dj 6= 0 (for i < j) , di + dj + dk 6= 0 (for i < j < k) and d1 + . . .+ d6 6= 0.
These expressions form the set Φ+ of 36 positive roots of E6 [28]. The complement of the root hyper-
plane arrangement in the projectivized E6 lattice thus yields a parameter space for smooth cubic del
Pezzo surfaces. The astute reader may have observed that this parameter space is five-dimensional,
whereas the moduli space of cubic del Pezzo surfaces is four-dimensional. The discrepancy exists
because there is a one-parameter family of choices of (d1, . . . , d6) that leads to projectively equiv-
alent sextuples. The existence of an Eckardt point on a given tritangent plane can be detected by
the vanishing of a quintic polynomial in the six parameters d1, . . . , d6. We refer to it as an Eckardt
quintic. By assumption, all 45 Eckardt quintics are non-zero, and hence have finite valuation.
We can recover the moduli space of cubic surfaces from the parameter space described above
by identifying functions in d1, . . . , d6 that descend to the moduli space. These functions have been
explicitly described by Coble using invariant theory [9]. Indeed, Coble provides a W(E6)-equivariant
set of 40 degree nine monomials Y0, . . . ,Y39 in the positive roots Φ
+ from (1.1), called the Yoshida
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functions (see Table A.2), that generates the ring of functions on the moduli space. Needless to
say, they are central to this paper.
In addition to the Yoshida functions, another set of 135 functions, called Cross functions (see
Table A.3), is essential to our work. Each of them can be expressed as a binomial linear combination
of Yoshida functions, and contains an Eckardt quintic as a factor (the remaining factors are four
roots in Φ+.) Both the Yoshida functions and the Cross functions arise as discriminants of certain
root subsystems of E6 [10].
The Yoshida functions play a key role in describing not only the classical but also the tropical
moduli space of cubic del Pezzos. Recall that the process of tropicalization turns varieties into
polyhedral complexes by means of valuations. The moduli space of stable tropical cubic surfaces,
namely the Naruki fan, is constructed as a complex in R40/R·1 by taking the valuations of all 40
Yoshida functions [17, 28].
This fan and its combinatorial properties were studied in [27, Section 6]. Each of its 24 cones
(up to W(E6)-symmetry) determines the combinatorics of the tropicalization of the complement of
the 27 lines on a cubic surface, embedded in the torus G27m/G
7
m over K via the Cox ring [28, Table
1]. By design, the 27 lines on X become an arrangement of metric trees in the boundary of TX.
We show that the same fan classifies anticanonically embedded stable tropical del Pezzo cubics:
Theorem 1.3. The Naruki fan N is the moduli space of stable anticanonical smooth tropical cubic
surfaces in TP44. The combinatorial type of the stable tropical cubic surface associated to each point
in N is determined by the arrangement of 27 metric trees at infinity (see Figures 4 and 5.) The
metric structure on each tree is a piecewise linear function on the Naruki fan (see Table 10.1.)
In particular, the stable tropical surface associated to the apex of the fan is the cone over
the Schla¨fli graph: it has 27 vertices (one of each line) and 135 edges. As we move to higher-
dimensional cones, each vertex is replaced by a metric tree with 10 leaves. The unstable tropical
surfaces will only be detected by recording the valuations of all Cross functions. In turn, the moduli
space of all smooth tropical cubic surfaces with no Eckardt points will be obtained as a tropical
modification [19, 25] of the Naruki fan along the tropical Cross functions.
Having described the main results, we turn to some details regarding the proof of Theorem 1.1.
The rigidity of the boundary structure of T X discussed in Theorem 1.3 ensures that any extra
tropical line must lie in the interior of T X. A simple combinatorial analysis implies that any such
potential tropical line must meet the boundary of TX at precisely five points: the ones determined
by the link of a vertex in the Scha¨fli graph. There are 27 such 5-tuples. Our description of the
defining ideal of X in P44 allows us to express the coordinates of all 135 intersection points of pairs
of lines in X as Laurent monomials in Yoshida and Cross functions.
The information recorded by the Naruki fan is, a priori, not enough to determine the valuation
of the 135 intersection points. However, for each Naruki cone, except the apex, we can determine
the valuations of enough coordinates of these 5-tuples of boundary points to conclude they cannot
be tropically collinear in TP44. We do so by exhibiting an explicit tropically non-singular 3 × 3
minor in each associated 5× 45 matrix with entries in R∪{∞}, as seen in Tables 7.1 and 8.1. This
novel technique lies at the heart of tropical convexity [12] and we expect it be applicable to study
more general Fano schemes.
For the apex of the Naruki fan, we determine tropical collinearity of these boundary points in
terms of valuations of tuples of five Cross functions. This criterion provides only an upper bound
for the number of extra lines discussed in Theorem 1.2 since each extra line may not be contained
in the tropical cubic surface if the later is unstable.
Theorems 1.1 and 1.2 allow us to reinterpret the superabundance phenonena observed in Vige-
land’s examples [35]. Indeed, the space of anticanonical global sections of X is four-dimensional,
but has no natural basis. As a result, there is no canonical way to embed X into its linear span.
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However, Theorem 1.1 shows that the linearly degenerate embedding of X in P44 is more natural
from the point of view of tropicalization.
By construction, the linear span of X in P44 is a P3. It would be interesting to characterize
the valuated matroid determining the tropicalization of this linear space in TP44. Such problem
requires knowledge of the valuations of the Plu¨cker coordinates of the point in Gr(4, 45) associated
to P3 ⊂ P44. Although our explicit description of the anticanonical embedding gives precise formulæ
for the Plu¨cker coordinates, determining their valuations is a subtle matter, since their factorization
involves not only Laurent monomials in Yoshida and Cross functions, but also some new septic and
octic factors in d1, . . . , d6.
These non-monomial factors give a second motivation to restrict our combinatorial study to
tropical stable cubic surfaces: the Naruki fan does not provide a complete description of the trop-
icalization of the linear span of X. That is, the valuated matroid associated to the pair P3 ⊂ P44
can vary within a given Naruki cone. As was mentioned earlier, tropical modifications will allow us
to overcome this and other difficulties arising from non-generic choices. However, the polyhedral
subdivisions required to carry this task in practice will be extremely delicate given the sheer size
of the input subspace arrangement. We plan to address it in future work.
The rest of the paper is organized as follows. In Section 2 we recall the classical construction of
the moduli space of smooth marked del Pezzo surfaces and its compactification (the Naruki space.)
In this setting, the 27 lines on each surface corresponds to its set of exceptional classes. We provide
an equivariant uniformization of this space in terms of the E6 arrangement complement in P
5, and
introduce the two main sets of invariants: the Yoshida and Cross functions. The latter characterizes
which surfaces have Eckardt points. Section 3 computes the Cox and anticanonical embeddings of
the universal cubic surface. In both cases, the boundary is supported on the 27 lines. Appendix A
provides explicit formulas for all Yoshida and Cross functions that complement these results. They
are an essential component of all the computations appearing in the paper.
Section 4 discusses the tropicalization of the Naruki space as the image of the Bergman fan
of the E6-reflection arrangement via a linear map, encoded by the Yoshida matrix. We endow
this four-dimensional space with a fan structure compatible with the tropicalization of all Cross
functions. We discuss the combinatorial data of this fan up to the action of the Weyl group W(E6)
and characterize the fibers of the Yoshida matrix over the relative interior of its maximal cones.
Section 4 presents the main techniques involved in the proof of our three main results. First, the
characterization of tropical convexity by vanishing of tropical 3 × 3 determinants, and second, an
expicit algorithm to reconstruct any tropical line from its collection of boundary points.
The proof of Theorem 1.1 is carried over in Sections 6 and 7. Tables 8.1 and 7.1 exhibit non-
singular tropical minors ruling out potential extra lines. The proof of Theorems 1.2 and 1.3 re-
quire the explicit knowledge of the generic valuations of all Cross functions. This is carried out
in Section 8 and in Proposition 10.8. Section 9 contains the proof of Theorem 1.2.
The proof of Theorem 1.3 spans Sections 10 and 12. In Section 10, we construct the boundary
trees for each tropical surface. Table 10.1 gives the leaf labeling and metric structure for those
surfaces that are stable. The combinatorial types are shown in Figures 4 and 5. Section 11 gives an
alternative way to build these trees in terms of tropically generic configurations of six points in TP2.
Section 12 provides a test for tropical stability in terms of the valuations of the Cross functions on
the algebraic counterparts. In particular, Theorem 12.3 shows that this test is always satisfied for
surfaces associated to points in the relative interior of maximal cones in the Naruki fan. We use
this property to conclude that this fan is the moduli space of stable tropical cubic surfaces.
Finally, Section 13 describes the combinatorics of each stable tropical cubic surface and certifies
that it agrees with those obtained from Cox embeddings.
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Supplementary material
Many of the results in this paper rely on calculations performed using Sage [34]. Several of them
required new implementations within this platform using Python. We have created supplementary
files so that the reader can reproduce all the claimed assertions done via explicit computations.
These files can be found at:
https://people.math.osu.edu/cueto.5/anticanonicalTropDelPezzoCubics/
In addition to all Sage scripts, we include all input and output files (in Sage and plain text format.)
All computations are performed symbolically using either our own implementation of group-
actions on polynomial rings, tropical operations (min for tropical addition and usual addition for
tropical multiplication), or built-in functions for computations with Weyl groups, polyhedra and
factorizations of rational functions over the rational numbers. They were performed on a 2.4 GHz
Intel(R) Core 2 Duo with 3MB cache and 2GB RAM. The implementation of the construction of
the Bergman fan of a general matroid from its nested sets is new and exploits symmetries whenever
possible. The computation of the Bergman fan for the E6-arrangement takes about one hour to
finish. The time is split evenly between the calculation of adjacencies and the whole fan.
The most time-demanding computations are those in Section 7. The calculation of the tropical-
ization of each 5× 45 matrix of rational functions associated to each cone in the Naruki fan takes
about 20 minutes. The computation-time required to search for tropically singular 3×3-minors for
each such matrix is not uniform. With the exception of a single cone, each calculation takes about
30 seconds. For the problematic cone and each choice of three rows in the corresponding matrices,
the computation takes ten minutes since several exceptional curves have no tropical non-singular
3× 3 minors, and the calculation exhausts all 3-element subsets from {0, . . . , 44}.
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2. Moduli of cubic del Pezzo surfaces and the action of W(E6)
In this section, we review the classical construction of the moduli space of marked del Pezzo
surfaces, originating in the work of Coble. Our main references are [10] and [27], which describe
classical and tropical moduli spaces of del Pezzo surfaces of arbitrary degree. To simplify and
focus our exposition, we restrict ourselves to cubic del Pezzos. All varieties in this paper are to
be defined over an algebraically closed field K of characteristic different from 2 and 3, equipped
with a (possibly trivial) non-Archimedean valuation. Its residue field K˜ has char K˜ 6= 2, 3. For an
arithmetic perspective on the enumerative geometry of del Pezzos over such fields, we refer to the
recent work of Kass and Wickelgren [20].
Definition 2.1. A cubic del Pezzo surface is a smooth projective surface with ample anticanonical
bundle whose class has self-intersection three.
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The following equivalent definition will be used throught this work. A cubic del Pezzo surface
is a surface obtained from P2 by blowing up 6 distinct points, no three of which are collection and
not all six lie on a conic.
Remark 2.2. The authors of [10] use the term “del Pezzo” to mean surfaces with semi-ample
canonical bundle, reserving the term “Fano” for the ones with ample canonical bundle. We alert
the reader that our terminology is slightly different.
Let X be a cubic del Pezzo surface. Since X is obtained by six blow-ups from P2, the Picard
group of X is isomorphic to Z7; it is generated by the canonical class KX and the classes of the
six exceptional divisors. The Picard group contains 27 exceptional divisor classes, namely classes
E with KX ·E = −1 and E
2 = −1. These are precisely the classes of the 27 lines.
Each exceptional class is represented by a unique effective divisor. An ordered collection of six
exceptional classes E1, . . . , E6 with Ei · Ej = −δij is called a marking of X. For example, if X is
obtained from P2 by blowing up six distinct points, then the six exceptional divisors give a marking.
It turns out that there are 72 · 6! markings of a del Pezzo surface (72 when disregarding the order.)
So there are essentially 72 ways in which a general cubic surface arises as a blow-up of P2.
The blow-up construction shows that the moduli space of marked cubic del Pezzos is isomorphic
to a dense open U ⊂ (P2)6. The set U consists of tuples of six distinct points, no three of which
are collinear, and the six do not lie on a conic. To highlight the role of the markings, we denote
this moduli space by M◦m,3.
The group of automorphisms of the lattice 〈PicX, ·〉 that fix KX is the Weyl group W(E6). This
group acts on the markings, and hence, on M◦m,3. The quotient is an open subset of the moduli of
(unmarked) del Pezzo cubics, which we denote by M◦3 . The latter will only play an auxiliary role.
2.1. The Naruki space and its Coble covariants. The space M◦3 admits a natural compactifi-
cation M∗3 using Geometric Invariant Theory (GIT.) The compactified moduli spaceM
∗
3 is the GIT
quotient P Sym3(C4)/SL(4). The line bundles O(n) on P Sym3(C4) descend to rank-one sheaves
on M∗3 (they are line bundles if M
∗
3 is considered as a stack rather than a coarse space, but we will
ignore this point.) It is convenient to denote by OM∗
3
(1) the sheaf descended from O(4).
Let M∗m,3 be the normalization of M
∗
3 in M
◦
m,3. Then, M
∗
m,3 is a compactification of M
◦
m,3,
called the Naruki space. The action of W(E6) on M
◦
m,3 extends to an action on M
∗
m,3 and the map
M∗m,3 →M
∗
3 is the quotient. Denote by OM∗m,3(1) the pullback of OM∗3 (1).
Proposition 2.3. The vector space H0(M∗m,3,O(1)) is ten-dimensional and irreducible as a repre-
sentation of W(E6). It yields an embedding M
∗
m,3 →֒ P
9.
For a proof we refer to [10, Corollary 5.9] and the preceding discussion. The global sections of
O∗Mm,3(1) are called Coble covariants, and the image of M
∗
m,3 in P
9 is called the Naruki space. Our
next subsection gives an explicit description of these two notions.
2.2. An equivariant uniformization. Let h∗6 be the the K-vector space spanned by the root
lattice of E6. Explicitly, h
∗
6 is generated by six elements d1, . . . , d6 with a bilinear form given by
di · dj =
{
−1/9 if i 6= j,
8/9 if i = j.
The elements (dj − di) for i < j, (di + dj + dk) for i < j < k, and (d1 + · · ·+ d6) together form the
set of 36 positive roots Φ+ of E6 associated to the simple roots
α1 = d2 − d1, α2 = d1 + d2 + d3 and αi = di − di−1 for i = 3, 4, 5, 6.
The choice of simple roots αi follows Bourbaki’s convention for labeling the Dynkin diagram of
type E6 shown in Figure 1.
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Figure 1. The labeled Dynkin diagram of the root system E6. Each label i corre-
sponds to the simple root αi.
Let h6 be the dual of h
∗
6. We have a map h6 → (P
2)6 given by
p 7→
(
[1 : d1(p) : d
3
1(p)], . . . , [1 : d6(p) : d
3
6(p)]
)
.
Denote by hreg6 the complement in h6 of the zeros of the roots. For p ∈ h
reg
6 , the points [1 : di(p) :
d3i (p)] for 1 ≤ i ≤ 6 are distinct, no three of them lie on a line, and the six do not lie on a
conic. Therefore, the blow-up of P2 at these points gives a marked cubic del Pezzo surface, where
the marking is given by the six exceptional divisors. Scaling p by t ∈ K∗ produces a different
set of six points, but they are related to the original six by the automorphism of P2 defined by
[X : Y : Z] 7→ [X : tY : t3Z]. As a result, the resulting marked surfaces are isomorphic. We thus
get a morphism
(2.1) P(hreg6 ) := h
reg
6 /K
∗ −→M◦m,3.
It is easy to check that this map is equivariant with respect to the action of W(E6). Furthermore,
it is surjective and flat [10, Theorem 3.1] of relative dimension one.
Since M∗m,3 is complete and P(h6) is non-singular, the map in (2.1) extends to a regular map
away from a set Z of codimension at least 2. It turns out that the pullback of OM∗m,3(1) to P(h6)
is isomorphic to OP(h6)(9) [10, Proposition 4.10]. As a result, we can write (the pullbacks of) the
Coble covariants as homogeneous polynomials of degree nine in d1, . . . , d6.
2.3. Yoshida and Cross functions. Two sets of Coble covariants play a key role in this paper.
Both sets are W(E6)-invariant and have a beautiful description in terms of root subsystems of the
root system E6 (see [10].), which we discuss below. In addition, we provide explicit formulas for all
invariants that will be heavily exploited in our tropical computations.
We start with some basic definitions involving root systems. By the discriminant ∆ of a root
system, we mean the square root of the product of all the roots, both positive and negative. This
is a polynomial, well-defined up to a sign. Prescribing a set of positive roots R+ pins down the
sign – we simply take the product of all the positive roots. Thus, ∆ =
∏
α∈R+ α.
The first set of Coble covariants are the Yoshida functions. These are the discriminants of type
A⊕32 root subsystems of h6. For example, the subsystem S below yields the Yoshida function Y(S):
(2.2)
S =〈d5 − d6, d1 + d2 + d6, d1 + d2 + d5〉⊕
〈d3 − d4, d4 + d5 + d6, d3 + d5 + d6〉⊕
〈d1 − d2, d2 + d3 + d4, d1 + d3 + d4〉
;
Y(S) =(d5 − d6)(d1 + d2 + d6)(d1 + d2 + d5)
(d3 − d4)(d4 + d5 + d6)(d3 + d5 + d6)
(d1 − d2)(d2 + d3 + d4)(d1 + d3 + d4).
Remark 2.4. The group W(E6) acts transitively on the Yoshida functions, so the others can be
computed using the group action. There are a total of 80 Yoshida functions (40 up to sign.) Since
the Yoshida functions are products of roots, they are invertible on P(hreg6 ). Equivalently, by (2.1),
the corresponding Coble covariants are invertible on M◦m,3.
The Yoshida functions span the 10-dimensional space of Coble covariants from Proposition 2.3.
Since the linear system defined by the Coble covariants is very ample on M∗m,3, we can recover
(2.3) M∗m,3 ⊂ P
39
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as the closure of image of the map P(h6) 99K P
39 defined by the 40 Yoshida functions (up to sign.)
Our choice of signs is indicated in Table A.2.
The second set of Coble covariants are the Cross functions. Let S ⊂ h∗6 be a root subsystem of
type A⊕32 and let α ∈ h
∗
6 be a root not orthogonal to any of the summands of S. Let S
+ be a set
of positive roots for S and denote by sα the reflection in the plane orthogonal to α. The Cross
associated to the pair (S+, α) is the difference
(2.4) Cross(S+, α) = ∆(S+)− sα(∆(S
+)).
Remark 2.5. Note that the Cross is a difference of two Yoshidas. Furthermore, due to the linear
relations between the Yoshida functions, each Cross function can be expressed in four distinct ways
as a difference of Yoshidas. The data of (S, α) (without the choice of positive roots) determines
the Cross function up to a sign; we denote it by Cross(S, α).
By [10, Lemma 4.2], there are three mutually orthogonal roots in S+ orthogonal to α (say α1,
α2, and α3), each of them lying in a different copy of A2 in S. Furthermore, the four roots divide
Cross(S, α), thus inducing the factorization:
(2.5) Cross(S, α) = αα1 α2 α3Q,
where Q is a quintic (irreducible) polynomial (see [10, Lemma 4.4].)
Example 2.6. Let α = d2+ d4+ d5 and consider the root subsystem S from (2.2), where the nine
positive roots are the listed ones. It follows that
Q :=d21d
2
2d3 + d
2
1d2d
2
3 − d
2
2d3d
2
4 − d2d
2
3d
2
4 − d
2
1d
2
2d5 − d
2
1d2d3d5 + d1d
2
2d3d5 − d
2
1d
2
3d5 + d1d2d
2
3d5
+ d21d
2
4d5 − d1d
2
2d
2
5 − d1d2d3d
2
5 + d
2
2d3d
2
5 − d1d
2
3d
2
5 + d2d
2
3d
2
5 + d1d
2
4d
2
5 − d
2
2d3d4d6 − d2d
2
3d4d6
− d21d
2
4d6 + d
2
2d
2
4d6 + d2d3d
2
4d6 + d
2
3d
2
4d6 + d
2
1d4d5d6 − d1d
2
4d5d6 + d1d4d
2
5d6 − d
2
4d
2
5d6 − d
2
2d3d
2
6
− d2d
2
3d
2
6 − d
2
1d4d
2
6 + d
2
2d4d
2
6 + d2d3d4d
2
6 + d
2
3d4d
2
6 + d
2
1d5d
2
6 − d1d4d5d
2
6 + d1d
2
5d
2
6 − d4d
2
5d
2
6.
and {α1, α2, α3} = {(d1 + d2 + d6), (d1 + d3 + d4), (d3 + d5 + d6)}. ⋄
Remark 2.7. By construction, the four roots {α,α1, α2, α3} form a root subsystem R of type A1
⊕4.
Choosing one of these roots determines two root subsytems of type A2
⊕3 containing the other
three. Furthermore, they are related by the simple reflection induced by our chosen root (see [10,
Lemma 4.2].) Thus, R would induce eight Cross functions (four up to sign), but [10, Corollary
4.5] reveals that this operation produces just one Cross function up to sign, henceforth denoted by
Cross(R+). This fact explains the four ways of writing each Cross function as a difference of two
Yoshida functions discussed in Remark 2.5.
The group W(E6) acts transitively on the Cross functions, so they can all be computed by acting
on the one from Example 2.6. The action is explicitly described in Table A.4. There are a total
of 270 Cross functions (135 up to sign, listed in Table A.3.) Their vanishing loci has the following
geometric interpretation. Recall that an Eckardt point on a del Pezzo cubic surface is the point
of concurrency of three exceptional curves. The locus of del Pezzo cubic surfaces with an Eckardt
point forms a divisor in M◦m,3, called the Eckardt divisor.
Proposition 2.8. The vanishing locus of the product of all Cross functions in M◦m,3 is the Eckardt
divisor.
Proof. It suffices to prove the statement on P(hreg6 ), where we can do a direct computation. Let
pi = [1 : di : d
3
i ] for i = 1, . . . , 6 and distinct di and let X be the blow-up of P
2 at p1, . . . , p6.
Consider the triple of exceptional curves on the cubic surface X given by the proper transforms of
the lines Lij = pipj for (i, j) = (1, 5), (2, 3), and (4, 6). The equation of Lij is
didj(di + dj)X − (d
2
i + didj + d
2
j)Y + Z = 0.
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The three lines L15, L23, and L46 are concurrent if and only if the determinant of the matrix
(2.6) M =
d1d5(d1 + d5) d21 + d1d5 + d25 1d2d3(d2 + d3) d22 + d2d3 + d23 1
d4d6(d4 + d6) d
2
4 + d4d6 + d
2
6 1
 .
vanishes. Note that detM is an irreducible homogeneous quintic polynomial. Its negative is the
quintic polynomial from Example 2.6, so it is a factor of the corresponding Cross function. 
2.4. Markings, exceptional curves and anticanonical triangles. Let (X,E1, . . . , E6) be a
marked del Pezzo cubic surface. Express X as the blow-up of P2 at p1, . . . , p6 such that the Ei is
the exceptional divisor over pi. The marking on X yields a decomposition of the 27 exceptional
curves on X into three groups [8]:
• Ei: the exceptional divisor over pi, for 1 ≤ i ≤ 6;
• Fij : the proper transform of the line through pi and pj, for 1 ≤ i 6= j ≤ 6;
• Gj : the proper transform of the conic through {p1, . . . , p6} \ {pj}, for 1 ≤ j ≤ 6.
Note that the two indices in Fij are unordered, namely Fij = Fji. For concrete computations, we
always choose indices satisfying i < j.
Definition 2.9. An anticanonical triangle in X is a triple of exceptional curves whose pairwise
intersection numbers are one.
Remark 2.10. Alternative names include Eckardt triangles or tritangent trios [14, Chapter 9]. The
terminology provided above is rooted in a simple fact. The sum of the triple giving an anticanonical
triangle is an anticanonical divisor, i.e. the zero locus of a section of the anticanonical bundle.
There are 45 anticanonical triangles on a cubic surface. On a del Pezzo cubic surface marked as
above, they come in two flavors:
• xij = {Ei, Fij , Gj}, for 1 ≤ i 6= j ≤ 6.
• yijklmn = {Fij , Fkl, Fmn}, for a tripartition {{i, j}, {k, l}, {m,n}} of {1, . . . , 6}.
Note that in the first group of 30 triangles, the indices are ordered, namely xij 6= xji. While doing
computations involving the second group of 15 triangles, we choose the indices of the tripartition
{{i, j}, {k, l}, {m,n}} so that i < j, k < l, m < n, and i < k < m.
Remark 2.11. We let s be the set consisting of the 27 symbols Ei, Fij , and Gj , and t be the set
consisting of the 45 symbols xij and yijklmn. Our earlier correspondences give two bijections: one
between s and the set of 27 exceptional curves on X, and the second one between t and the set of
45 anticanonical triangles on X. The action of W(E6) on the markings of X induces an action on
both s and t.
The computation of pairwise intersections described above confirms that each exceptional curve
on a marked del Pezzo cubic curve with no Eckardt points meets ten others. Furthermore, such
curves come in five pairs. The dual intersection complex of the arrangement of 27 exceptional
curves is encoded by the 10-regular Schla¨fli graph consisting of 27 vertices, 135 edges and 45 hollow
triangles. The action of W(E6) on the set of exceptional curves descends to a transitive action on
the graph.
Remark 2.12. The proof of Proposition 2.8 gives a bijection between the 45 anticanonical triangles
and the 45 quintic factors of the Cross functions (up to sign.) This correspondence is equivariant
with respect to the action of W(E6). As such, it is generated by the identification y152346 ←→
det(M), where M is the matrix from (2.6). More intrinsically, the bijection is characterized by the
property that the vanishing locus of the quintic associated to an anticanonical triangle is the locus
of marked cubic surfaces where the triangle degenerates to a concurrency point of the three lines.
It is for this reason that we call the 45 quintics in the W(E6)-orbit of detM the Eckardt quintics.
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A direct computation reveals that each Eckardt quintic appears as a factor of precisely three Cross
functions. Our labeling in Table A.3 describes each such triple as {Cross3n,Cross3n+1,Cross3n+2}
for n = 0, . . . , 44, together with the anticanonical triangle indexing the quintic.
3. The anticanonical embedding
In this section, we give an explicit W(E6)-equivariant description of the anticanonical map of
the universal cubic surface, and use this to characterize the tropicalized anticanonically embedded
universal cubic surface. The following two field extensions of K will play a prominent role:
(3.1) L := K(Yi : 0 ≤ i ≤ 39) ⊂ L̂ := K(h6) = K(d1, . . . , d6).
Here, the parameters d1, . . . , d6 are algebraically independent over K and form a basis of the K-
vector space h∗6, as discussed in Subsection 2.2. Note that L is the fraction field of M
◦
m,3 and L̂ is
the fraction field of h6. The inclusion L →֒ L̂ is induced by the uniformization map P(h
reg
6 )→M
◦
m,3
from (2.1).
The key input in our description is the explicit presentation of the Cox ring of the universal del
Pezzo cubic surface given in [28], which we now recall. Let XL → SpecL be the universal marked
cubic surface. Let Ei, Fij , and Gj be the 27 exceptional curves of XL as defined in Subsection 2.3.
We have an isomorphism
(3.2) Pic(XL) = Z〈H,E1, . . . , E6〉,
where H is the pullback of OP2(1) under the map XL → P
2
L that blows down E1, . . . , E6.
Definition 3.1. The Cox ring of XL is the Z
7-graded L-algebra
(3.3) Cox(XL) =
⊕
(n0,...,n6)∈Z7
H0(XL, n0KXL + n1E1 + · · ·+ n6E6).
Each effective divisor in XL gives an element of Cox(XL), well-defined up to scaling. For any field
extension L ⊂ L′ (such as (3.1)), we define the Cox ring Cox(XL′) as in (3.3), replacing L by L
′.
We have a natural isomorphism
Cox(XL′) = Cox(XL)⊗L L
′.
As in Remark 2.11 we let s be the 27 element set consisting of symbols Ei and Gi for 1 ≤ i ≤ 6
and Fij for 1 ≤ i < j ≤ 6 giving a marking on the 27 exceptional curves on XL. The polynomial
ring L[s] has two natural gradings. The first one is Z-valued, where each variable has degree one.
The other one is Z7-valued, and it is induced from the isomorphism Pic(XL) ∼= Z
7 from (3.2).
Explicitly, under this grading, we have
(3.4) degEi := ei ; degGi := 2e0+ei−
6∑
l=1
el (1 ≤ i ≤ 6) ; degFij := e0−ei−ej (1 ≤ i < j ≤ 6),
where e0, . . . , e6 are the standard basis elements of Z
7.
The next result give an explicit presentation of Cox(X
L̂
):
Theorem 3.2 ([28, Proposition 2.2]). We have a W(E6)-equivariant surjection
L̂[s]→ Cox(X
L̂
)
that sends a variable E ∈ s to a generator of H0(X
L̂
,O(E)). The kernel is generated by 270
quadratic trinomials, all of which are W(E6)-conjugates (up to sign) of the following one:
(d3 − d4)(d1 + d3 + d4)E2F12 − (d2 − d4)(d1 + d2 + d4)E3F13 + (d2 − d3)(d1 + d2 + d3)E4F14.
Note that the surjection L̂[s]→ Cox(X
L̂
) is compatible with the Z7-gradings and the W(E6)-actions
on both sides.
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Remark 3.3. Let R̂ ⊂ L̂ be the subring obtained by inverting the 36 roots of Φ+ in the polynomial
ring K[d1, . . . , d6]. We have a universal cubic del Pezzo surface XR̂ → Spec R̂, and we can form the
Cox ring
Cox(X
R̂
) =
⊕
(n0,...,n6)∈Z7
H0(X
R̂
, n0KX
R̂
+ n1E1 + · · ·+ n6E6).
In [28, Proposition 2.2], the authors show that we have a surjection
R̂[s]→ Cox(X
R̂
),
whose ideal is generated by the 270 trinomials above, up to saturation by the 27 variables in s.
However, no such saturation is needed over the field L̂. Indeed, by specializing the variables di, a
Sage computation certifies the ideal generated by the trinomials is already saturated.
Definition 3.4. The anticanonical ring of XL is the Z-graded L-algebra
A(XL) =
∑
n∈Z
H0(XL,−nKXL).
Since KX is anti-ample, the nonzero graded components of A(XL) are in non-negative degrees.
As in Remark 2.11. we let t be the 45 element set consisting of 30 variables xij for 1 ≤ i 6= j ≤ 6
and 15 variables yijklmn for distinct tripartitions {{i, j}, {k, l}, {m,n}} of {1, . . . , 6}. We view t as
the set of markings of the 45 anticanonical triangles on XL. The group W(E6) acts on t.
The next result gives a presentation of the anticanonical ring of X
L̂
by analogy with Theorem 3.2:
Theorem 3.5. We have an W(E6)-equivariant surjection
L̂[t]→ A(X
L̂
),
whose kernel is generated by an W(E6)-equivariant (up to sign) set of 270 linear trinomials and
120 cubic binomials. Explicitly, the linear trinomials are the W(E6)-conjugates of the following one
(d3 − d4)(d1 + d3 + d4)x21 − (d2 − d4)(d1 + d2 + d4)x31 + (d2 − d3)(d1 + d2 + d3)x41,
and the cubic binomials are the W(E6)-conjugates of the following
x12x23x31 − x13x32x21.
Proof. The anticanonical map embedsX
L̂
as a cubic hypersurface in P3
L̂
, thus giving an isomorphism
(3.5) A(X
L̂
) ≃ L̂[X,Y,Z,W ]/〈Q〉,
for some cubic polynomial Q. In particular, the anticanonical ring is generated in degree one.
By Theorem 3.2, we have a surjection L̂[s]a → Cox(XL̂)a on each graded component of degree
a ∈ Z7. We are interested in the case a = (3,−1,−1,−1,−1,−1,−1) since L̂[s]a = L̂[t]1. For this
choice, it follows that Cox(X
L̂
)a = A(XL̂)1 and
L̂[s]a = L̂〈EiFijGj , FijFklFmn〉.
We let ei, fij, gj in Cox(XL̂)1 be the images of Ei, Fij , Gj , respectively, under the above identifica-
tions and maps. The following commutative diagram
(3.6)
L̂[t]1 L̂[s]ay y
A(X
L̂
)1 Cox(XL̂)a.
ensures that the products eifijgj and fijfklfmn generate A(XL̂). We use this to define the surjective
map L̂[t] → A(X
L̂
), sending xij to eifijgj , and yijklmn to fijfklfmn. By construction, the map is
W(E6)-equivariant and extends the left vertical arrow in (3.6).
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We let I be the kernel of L̂[t] → A(X
L̂
) and J be the kernel of L̂[s] → Cox(X
L̂
). The diagram
(3.6) yields I1 = Ja. A degree computation reveals that for each of the 270 quadric generators
q of J , there is a unique variable v ∈ s such that vq lies in Ja. For example, for the quadric
generator listed in Theorem 3.2, it is the variable G1. Therefore, the component Ja is spanned by
the W(E6)-conjugates of
(d3− d4)(d1+ d3+ d4)E2F12G1− (d2− d4)(d1+ d2+ d4)E3F13G1+(d2− d3)(d1+ d2+ d3)E4F14G1,
which we identify with the linear trinomial in x21, x31 and x41 from the statement. A Sage com-
putation, available in the Supplementary material, reveals a total of 270 linear equations in this
conjugacy class (up to sign.) These forms generate all linear relations among the chosen global
sections of the anticanonical bundle.
From the map L̂[t]→ A(X
L̂
), it is easy to check that the cubic x12x23x31 − x13x21x32 lies in the
anticanonical ideal I. Therefore, so are its 120 W(E6)-conjugates (up to sign.) To conclude, we
must show that the 120 cubics and the 270 linear forms generate I.
By (3.5) we know that I is principal modulo the 270 linear forms. Thus, any cubic that is
nonzero modulo the linear polynomials generates the quotient. By evaluating at a generic choice
of (d1, . . . , d6) in P(h
reg
6 ), we check that this is indeed the case for x12x23x31 − x13x21x32. 
Remark 3.6. A simple inspection of the defining equations confirms that the equivariant map
from Theorem 3.5 is compatible with the Z- and Z7-grading on L[t] and A(XL), respectively.
Theorems 3.2 and 3.5 describe the universal Cox ring and the universal anticanonical ring after a
base change from L to L̂. A simple change of variables corresponding to a choice of global sections
will allow us to describe the anticanonical ring over L, as we now explain. Remark 2.12 gives a
W(E6)-equivariant bijection between the set t and the set of 45 Eckardt quintics. We fix a choice
of signs and denote the quintic corresponding to xij by Qij and the one corresponding to yijklmn
by Qijklmn. Starting from t, we build a new set T of 45 symbols Xij and Yijklmn, along with a map
T → A(XL) defined by
(3.7) Xij 7→ xij/Qij and Yijklmn 7→ yijklmn/Qijklmn.
Remark 3.7. Recall that W(E6) acts on t by permutations and it acts on the 45 quintics {Qij , Qijklmn}
by signed permutations. Therefore, W(E6) acts on xij/Qij and yijklmn/Qijklmn by signed permu-
tations. We let W(E6) act on T so that the map is equivariant. The signs depend on the signs
chosen in the bijection betwen t and the set of quintics. Table A.4 shows the action explicitly for
our choice of signs.
We use the new variables in T to describe the universal anticanonical ring on the moduli space
M◦m,3 without using the uniformization map from (2.1). Coefficients for the equations will involve
Cross functions associated to root subsystems of type A⊕41 (see Remark 2.7), after fixing a choice
of signs that is compatible with the one we picked for T in (3.7).
Theorem 3.8. We have an W(E6) equivariant surjection
L[T ]→ A(XL)
whose ideal is generated by a W(E6)-equivariant set of 270 linear trinomials (up to sign) and 120
cubic binomials (up to sign.) The first group is generated by all W(E6)-conjugates of
Cross(S1)X21 − Cross(S2)X31 +Cross(S3)X41,
whereas the second one is obtained as W(E6)-conjugates of the following
Cross(S′1)Cross(S
′
2)Cross(S
′
3)X12X23X31 − Cross(S1
′′)Cross(S2
′′)Cross(S3
′′)X13X21X32.
Each Si, S
′
i and Si
′′ is the set of positive roots of an A⊕41 root subsystem, specified in (3.8) below.
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Proof. The statement follows by a direct computation after pre-composing the map from Theorem 3.5
with the change of coordinates L[T ]→ L̂[t] from (3.7). The kernel is W(E6)-invariant by construc-
tion. The remainder of this proof describes its generators.
Consider the following nine collections of positive roots of A⊕41 subroot systems in E6:
(3.8)
S1 := {d3 − d4, d1 + d3 + d4, d5 − d6, d1 + d5 + d6},
S′1 := {d3 − d4, d2 + d3 + d4, d2 + d5 + d6, d5 − d6},
S1
′′:= {d2 − d4, d2 + d3 + d4, d3 + d5 + d6, d5 − d6},
S2 := (23)(S1),
S′2 := (213)(S
′
1),
S2
′′:= (231)(S1
′′),
S3 := (24)(S1),
S′3 := (231)(S
′
1),
S3
′′:= (213)(S1
′′),
where the second and third column subsystems are obtained from the first column ones by applying
suitable permutations in S6 (for an explicit description, see Table A.4.)
The linear polynomial in Theorem 3.5 written in the new T -coordinates becomes:
(d3 − d4)(d1 + d3 + d4)Q21X21 − (d2 − d4)(d1 + d2 + d4)Q31X31 + (d2 − d3)(d1 + d2 + d3)Q41X41.
After multiplying throughout by (d5 − d6)(d1 + d5 + d6), these three coefficients become the Cross
functions Cross(S1), Cross(S2) and Cross(S3). This gives the linear trinomial in the statement.
The kernel of the map is generated by all its W(E6)-conjugates.
The cubic polynomial in Theorem 3.5 undergoes a similar transformation. After rescaling the
variables in t, we obtain the following binomial cubic in L[T ]:
(3.9) Q12Q23Q31 x12 x23 x31 −Q13Q21Q32 x13 x21 x32.
We now multiply throughout by the following degree 12 monomials in the roots of E6:
P =(d1 + d2 + d4)(d1 + d3 + d4)(d1 − d4)(d1 + d5 + d6)(d2 + d3 + d4)
(d2 − d4)(d2 + d5 + d6)(d3 − d4)(d3 + d5 + d6)(d5 − d6)
3
It follows that P can be written in two ways as a product of three quartics arrising from the root
subsystems S′1, S
′
2, S
′
3, and S1
′′, S2
′′, S3
′′, respectively:
P =
3∏
i=1
(
∏
β∈S′i
β) =
3∏
i=1
(
∏
β∈Si
′′
β).
This factorization has the additional property that when multiplied by the quintics in (3.9), in
the given order, each factor produces the Cross function associated to the four roots in Si
′ or Si
′′,
respectively. For example, Q123456
∏
β∈S′
1
β = Cross(S′1). The binomial cubic in the statement
arises in this way. The remaining 120 are obtained by the action of W(E6). 
Remark 3.9. The Supplementary material provides the Sage computations of Yoshida and Cross
functions, the universal anticanonical ring, and the W(E6) action on these objects. The results are
collected in Appendix A. In that notation, the linear polynomial in Theorem 3.8 is
Cross116X21 −Cross2X31 +Cross19X41,
Written in terms of the Yoshida functions it becomes
(3.10) (Y3 − Y37)X21 − (Y20 − Y8)X31 + (Y3 − Y5)X41.
The cubic polynomial in Theorem 3.8 is
Cross9 Cross107 Cross2X12X23X31 − Cross80 Cross116 Cross86X13X21X32,
and can be described by means of Yoshida functions as follows
(Y8 − Y11)(Y5 − Y17)(Y20 − Y8)X12X23X31 − (Y8 − Y3)(Y3 − Y37)(Y19 − Y24)X13X21X32.
We generate the anticanonical ideal by applying the W(E6)-action described explicitly in Table A.4
to these two polynomials. This computation will be essential to prove Theorem 1.1 and to describe
the arrangement of metric trees from Theorem 1.3, including the data in Table 10.1.
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Remark 3.10. Over the generic point Spec L̂, the solution set to the 270 linear equations admits a
basis where the entries lie in Rˆ. We record it as a 4×45 matrix. A simple computation available in
the Supplementary material allows us to re-express each entry as a Laurent monomial in Yoshida
and Cross functions. The 4 × 4-minor of this matrix with columns indexed by the anticanonical
triangles {x12, x13, x21, x23} has value:
Y21 Y
4
22 Y28 Y29 Y
2
30 Y31
Cross106 Cross11 Cross115 Cross78 Y217 Y19 Y
2
23 Y
2
27
.
Therefore, a basis for the P3K linear span of each X → SpecK can be obtained from that of P
3
Rˆ
by
specialization of the Yoshidas and Cross functions as long as these do not vanish.
By construction, if we pick genericK-values for the Yoshida functions Y ∈ P39, then the associated
cubic surface XY is embedded in P
44 by specilization of the equations from Theorem 3.8. For
tropicalization purposes discussed in Section 12, we must determine these genericity conditions.
The following result provides a partial answer to this question:
Lemma 3.11. On the set U = {Y ∈ G40m/Gm : Cross ∈ G
135
m /Gm}, each XY ⊂ P
44
K is determined
by specializing the equations from Theorem 3.8.
Proof. Note that U arises from the ring Rˆ from Remark 3.3. Remark 3.10 ensures the linear
trinomials determine P3K for Y ∈ U . To address the validity of the representing binomial cubic
equation in the statement on U , it is enough to certify that this equation, when restricted to P3K,
it remains irreducible and does not vanish everywhere. We write each point in P3K as a linear
combination of our basis {v0, . . . v3} with scalars a0, . . . , a3. The restricted cubic becomes a cubic
f ∈ K[a0, . . . , a3] with exactly eight monomials (all of whose are extremal):
a0a1a2, a
2
1a2, a1a
2
2, a
2
0a3, a0a1a3, a0a2a3, a1a2a3, a0a
2
3.
Its coefficients are Laurent monomials in Yoshida and Cross functions. Therefore, our original cubic
does not vanish along P3K, as we wanted to show.
To show that the cubic f ∈ K[a0, . . . , a3] remains irreducible we argue by contradiction. A simple
inspection of its support forces any factorization to be of the form
f = A(a0 +B a1 + C a2 +Da3) (a0a3 + E a1a2).
A comparison of the resulting coefficients on each side forces three binomial identities on the Yoshida
and Cross functions. A simple computation with Sage allows to re-express one of them as a Laurent
monomial in the Yoshida and Cross functions, so this identity never holds when XY is smooth and
has no Eckardt points. 
3.1. The 27 lines on the universal cubic del Pezzo. The characterization of the 27 lines on
each fiber of XL → SpecL extends to the universal cubic del Pezzo. In this section, we focus on
two particular properties that will play a prominent role in Section 10. We start by discussing the
following classical statement:
Lemma 3.12. Each line on a smooth del Pezzo cubic surface admits a 2-to-1 map to P1.
Proof. Consider the anticanonical embedding of X in P44 and view its linear span as P3. Given a
line ℓ in X, we define
S = {π : π plane in P3, ℓ ⊂ π} ⊂ Gr(3, 45).
By construction, S is a two-dimensional vector space so P(S) ≃ P1. Each element π of S produces
a curve in X, namely the residual plane quadric Cπ := (π ∩X)r ℓ ⊂ π. The intersection Cπ ∩ ℓ
consists of two points in ℓ (up to multiplicity.)
The smoothness of X yields a map X → Gr(3, 45) sending each point p in X to its (translated)
tangent plane Tp(X). By construction, Tp(X) ∈ S, so it defines a 2-to-1 cover ϕ : ℓ 7→ P
1 via
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ϕ(p) = [Tp(X)]. Each of the five tritangent planes in X containing ℓ lies in S and produce five
marked points in P1. The fiber over each marked point [π] is the pair of points in Cπ ∩ ℓ. These
points are distinct if X has no Eckardt points. 
The 270 linear trinomials described in Theorem 3.8 determine a P3L in P
44
L , namely, the linear span
ofXL in P
44
L . The exceptional curves onXL become the 27 lines inXL. Their defining equations can
be determined as follows. Each exceptional curve is contained in exactly five anticanonical triangles.
Since each triangle corresponds to a variable of the polynomial ring L[T ], each exceptional curve is
the vanishing locus of precise five variables in T . For example, the curve E1 is the vanishing locus
of X12, . . . ,X16. Furthermore, the node E1 ∩ F12 lies in the intersection of the nine hyperplanes
indexed by {X1k : k 6= 1} ∪ {X21} ∪ {Y123456, Y123546, Y123645}. The action of W(E6) allows us to
extend this characterization from E1 to the remaining 26 lines. We conclude:
Corollary 3.13. In the absence of Eckardt points, any point on a line on an anticanonically
embedded cubic surface X ⊂ P44 lies in exactly nine coordinate hyperplanes if it is an intersection
point of two lines, and on five coordinate hyperplanes otherwise.
3.2. The boundary of an anticanonical tropical cubic surface. The proof of Theorem 1.1
relies heavily on the rigid combinatorics of the boundary of each anticanonical tropical cubic surface.
By design, the universal embedding from Theorem 3.8 ensures that the boundary of XL consists
of precisely 27 lines. Tropicalization will turn this into an arrangement of tropical lines in the
boundary of TX ⊂ TP44:
Lemma 3.14. Given an anticanonical triangle t in t, the intersection of X ⊂ P44 and the hyper-
plane associated to t is the union of the lines in s contained in t. The same holds for the tropical
surface T X ⊂ TP44.
Proof. The result follows by the definition of the markings t and s. For example,
X ∩ {X12 = 0} = E1 ∪ F12 ∪G2 and TX ∩ {X12 =∞} = T E1 ∪ T F12 ∪ T G2.
The action of W(E6) gives a similar identity for the other anticanonical coordinate hyperplanes. 
Each of the 27 tropical lines at infinity is a metric balanced tree with prescribed directions for
its leaf edges (see Definition 5.1 for a more precise statement.) Thus, the boundary of TX is an
arrangement of metric trees. Our next result shows that the combinatorics of this tree arrangement
matches that of the intersection complex of the 27 lines in X. For this reason, we refer to an
intersection point of two boundary tropical lines as a nodal point of the boundary of TX.
Lemma 3.15. Let X be a smooth cubic del Pezzo surface without Eckardt points viewed in P44 via
the anticanonical embedding. Then, the 27 classical lines in X tropicalize to distinct trees in TP44.
Furthermore, two such trees intersect if and only if their classical counterparts do.
Proof. By Corollary 3.13, each classical line in X lies in the intersection of the five hyperplanes
determined by the anticanonical triangles containing the corresponding line. The same holds for
their tropicalization. These 27 quintuples of hyperplanes are all distinct. Hence, so are the 27 trees.
The statement regarding the pairwise intersection of all trees follows from the fact that if two
classical lines do not meet, then the set of anticanonical triangles containing each one of them is
disjoint. Our previous discussion characterizing a tree in terms of the five hyperplanes containing it
implies that any intersection point between the tropicalization of two disjoint lines will have at least
ten coordinates with value ∞. This contradicts the description of the boundary from Lemma 3.14.
We conclude that the intersection complex of the tropical and classical boundaries agree. 
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4. The Bergman fan of E6 and the tropical Naruki space
Tropical projective varieties are obtained from closed subvarieties of projective space via coordi-
natewise valuations. Our object of interest in this section is the Naruki space M∗m,3, which gives a
compactification of the moduli space of marked smooth cubic surfaces, and its tropical counterpart:
the tropical Naruki space N from Theorem 1.2. The later was introduced in [17], and computed
explicitly in [27, Section 6] and [28, Section 3]. In what follows, we describe the construction of
N from [27], and endow it with a fan structure suitable for determining valuations of Yoshida and
(enough) Cross functions. This information is crucial to determine the combinatorial structure of
tropical stable cubic del Pezzo surfaces in TP44 by means of Theorem 3.8. It plays a central role in
the proof of Theorem 1.1.
By (2.3), M∗m,3 admits a closed embedding in P
39 via a (signed) choice of 40 Yoshida functions
Y0, . . . ,Y39. The tropical Naruki space N equals
(4.1) N = trop
(
M∗m,3
)
⊂ TP39.
We realized the above closed embedding as the image of the map
(4.2) P(h6)
ℓ
99K P35
m
99K P39,
where the map ℓ is linear and the map m is monomial. The 36 coordinates defining ℓ are the 36
positive roots Φ+ of h6 (up to sign.) In turn, the 40 coordinates defining m are (signed) square-
free degree nine monomonials in these roots (see Subsection 2.3.) Our choice of signs is given in
Tables A.1 and A.2. For tropicalization purposes, we representm via its 40×36-matrix of exponents
(with 0/1 entries.) We refer to it as the Yoshida matrix. The map (4.2) is well-defined on P(hreg6 ),
i.e., in the complement of the E6-reflection arrangement in P
5.
Remark 4.1. A simple computation in Sage, available in the Supplementary material, confirms
that the Yoshida matrix has rank 16. Furthermore, its rows span a sublattice of Z36 of index three.
This implies that, when analyzing if products of roots yield a monomial in the Yoshida functions,
we will often need to use cube-roots of Yoshidas.
The linear-monomial factorization of the map in (4.2) is ideally suited for tropicalization [13,
Theorem 3.1] when we restrict our map to P(hreg6 ). The image of the tropical map trop(ℓ) becomes
the Bergman fan B of the 6 × 36 matrix encoding the E6-arrangement. It is a five-dimensional
simplicial polyhedral fan in R36/R·1 [1]. In turn, the monomial mapm becomes right-multiplication
by the Yoshida matrix under tropicalization. Since all Yoshida functions are non-zero in the E6-
arrangement complement, we conclude
(4.3) N = trop(m)(B) ⊂ R40/R·1 ⊂ TP39.
Remark 4.2. Since the 40 coordinates in TP39 correspond to the 40 Yoshida functions listed
in Table A.2. Each point in N ⊂ TP39 records the valuations of the Yoshida functions associ-
ated to a point in the classical Naruki space M∗m,3 ⊂ P
39 over the valued field K. It is in this sense
that it plays the role of a tropical moduli space. In Section 13 we characterize it as the moduli
space of stable anticanonically embedded tropical smooth cubic surfaces with no Eckardt points.
The Bergman fan B of the matroid E6 was explicitly computed in [28, Lemma 3.1] as a projection
of the Bergman fan of the E7-reflection arrangement in P
6 via determining all its 100 662 348 circuits.
We choose an alternative approach, realizing B as the cone over the nested set complex N(E6, Irr)
associated to the minimal building set Irr of all proper irreducible flats of the matroid E6 (see [2,
Theorem 1.2] and [16, Theorem 4.1].)
The abstract complex N(E6, Irr) consists of nested collections of flats in the geometric lattice of
partially ordered flats of the matroid, ordered by inclusion. The vertices correspond to the irre-
ducible flats (those which cannot be decomposed as a product.) Higher-dimensional cells are deter-
mined by nested families of flats. A collection F ⊂ Irr is nested if for every antichain {F1, . . . ,Fr}
ANTICANONICAL TROPICAL CUBIC DEL PEZZOS CONTAIN EXACTLY 27 LINES 17
in F with r ≥ 2, the join flat F1 ∨ . . . ∨ Fr does not belong to Irr nor it equals Φ
+. The join flat
represents the subspace obtained by intersecting the given subspaces in the E6-arrangement.
By [3, Theorem 3.1], there is a one-to-one correspondence between the lattice of flats of the
E6 reflection arrangement (ordered by reverse inclusion) and the poset of parabolic subgroups of
W(E6). In turn, parabolic subgroups of W(E6) are determined by the root subsystems of E6. There
are precisely 15 isomorphism classes of root subsystems, and each class consists of a single W(E6)-
orbit. The proper irreducible flats come from the seven connected proper root subsystems of E6,
namely Ai for i = 1, . . . , 5, D4, and D5, as shown in Figure 2. Our labeling of the 15 representatives
is compatible with [28, Table 4]. In total, there are 750 proper irreducible flats.
To determine B we must embed N(E6, Irr) in R
36/R·1, we start by fixing an ordering {r1, . . . , r36}
for the positive roots Φ+ of E6. We realize the vertices of N(E6, Irr) as the 0-1 incidence vector∑
i∈F ei ∈ R
36/R ·1 of each irreducible flat F , where ei denotes the ith. canonical basis element.
The simplices of B are realized as the positive span of the corresponding vertices in N(E6, Irr).
Figure 2. All W(E6)-representatives of flats and their associated root subsystems
(following the labeling of Figure 1.) The boxed ones are proper irreducible flats.
Their images under the Yoshida matrix are: F1,F8,F13 7→ (a), F2 7→ (b), F4 7→
(a2), and F7,F12 7→ 0 ∈ TP
39.
We use the above information to construct the Bergman fan B inductively, exploiting the W(E6)-
action at each step, starting from the 750 vertices divided into seven orbits. In each iteration, we
input the orbit representatives of cells of dimension k and produce cells of dimension k+1 by testing
whether adding a vertex to a given cell produces an irreducible flat. We then use the W(E6)-action
to produce all cells of dimension k + 1 and output a list of its orbit representatives. We optimize
the process for k = 2 and above exploiting our knowledge of the edge-vertex adjacency graph of the
complex (computed in the first iteration.) Rather than testing all vertices of the complex against
each low-dimensional cell, we restrict our search to vertices that form an edge with every vertex in
the input cell. This significantly speeds up the computation. The Bergman fan is obtained after
four iteration. The number of orbits in each dimension is given by the vector (7, 24, 47, 49, 21). We
refer to the Supplementary material for implementation details, running times and a list of orbit
sizes in each dimension.
Having constructed the Bergman fan, it is straightforward to determine the support of the Naruki
fan N : we simply apply the Yoshida matrix to each cone in B as in (4.3). A fan structure for this
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set was already computed in [28]. The W(E6) symmetry of both B and N allows us reduce our
computations to orbit representatives on both sides.
We build N starting with the rays. The image of the seven orbit representatives of rays in B
gives three orbits of rays in N , which we call (a), (b) and (a2), following [28, Lemma 3.3]. By
construction, (a2) rays are sums of two (a) rays each. There are a total of 36 (a) rays, 40 (b) rays
and 270 (a2) rays. Figure 2 shows that (a) rays arise from three root subsystems (of types A1, A4
and A5) whereas the (b) and (a2) rays each come from a single root system (of types A2 and A3,
respectively.) The remaining two orbits of rays in B map to 0 under the Yoshida matrix.
To determine the support of N , it suffices to consider the images of top-dimensional cells σ of
B that are maximal with respect to inclusion. A direct computation shows that the collection
trop(m)(σ) of such cells is the union of two W(E6)-orbits, confirming the results of [28, Section 3].
The first orbit corresponds to the image of a maximal cone spanned by four rays of type (a). The
second orbit corresponds to the image of a maximal cone spanned by three rays of type (a) and
one ray of type (b). All these cones have dimension four, as we expected from (4.1). We let C be
the collection of cells in these two orbits. Cones on the first orbit will be refered to as cones of the
first type. We use the terminology cones of the second type for those in the second orbit.
Although the support of N is the union of all cones in C , this collection does not provide a fan
structure on it—many pairs of cones intersect along non-faces. To remedy the situation, for each
cone σ ∈ C , we consider the set C (σ) of all cones in C whose intersection with σ is not a proper
face of σ. A direct computation shows that C (σ) = {σ} for all cones σ in C of the second type. In
turn, if σ is of the first type, then C (σ) consists of ten cones, all of which are of the first type as
well. Furthermore, we observe that the union of all cones in C (σ) is itself a simplicial cone, say σ̂,
spanned by the images of four rays of type (a). These cones σ̂ along with the cones of the second
type give a fan structure to the tropical Naruki space. Consistent with our previous notation and
that of [28], we say the cones σ̂ are of type (aaaa). Similarly, we refer to the cones of the second
type as (aaab) cones.
We endow N with a refinement of the fan structure on the tropical Naruki space described above,
and refer to it henceforth as the Naruki fan. It is obtained by taking the barycentric subdivision
of the cones of type (aaaa) and the induced subdivision of the cones of type (aaab). It is easy to
check that the 24 resulting subcones of a cone of type (aaaa) lie in a single W(E6)-orbit, and so
do the six resulting subcones of a cone of type (aaab). Thus, the maximal cones of the Naruki fan
are again divided into two W(E6)-orbits. One orbit consists of cones of type (aa2a3a4), that is,
spanned by four rays of type (a), (a2), (a3), and (a4), where a ray of type (ai) is the sum of i rays
of type (a). The second orbit consists of type (aa2a3b) cones. There are a total of 77 760 cones of
type (aa2a3a4), and 38 880 of type (aa2a3b). This structure agrees with the one described in [28,
Lemma 3.3]. A suitable refinement of B turns trop (m) : B → N into a map of fans.
Remark 4.3. For concrete computations, including those undertaken in Section 10, it is useful to
fix primitive rays (a), (a2), (a3), (a4) and (b) spanning adjacent maximal cone representatives in
the Naruki fan. We choose:
a := (0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 1, 1, 0),
a2 := (0, 1, 0, 0, 1, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 2, 1, 0, 0, 2, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 2, 2, 1),
a3 := (0, 2, 1, 0, 1, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 2, 0, 1, 1, 3, 1, 0, 1, 2, 0, 0, 0, 2, 1, 0, 0, 0, 2, 1, 2, 3, 1),
a4 := (1, 4, 2, 1, 2, 1, 2, 1, 1, 1, 1, 2, 1, 1, 1, 1, 2, 1, 4, 2, 2, 2, 4, 2, 1, 2, 4, 2, 2, 2, 4, 2, 1, 1, 1, 4, 2, 4, 4, 2),
b := (1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 1, 1, 1, 0, 0, 0, 1, 1, 1, 0, 1, 1, 3, 1, 0, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 1, 1, 1).
We use them to build two neighboring cones representing the two orbits of maximal cones in the
tropical Naruki space:
(4.4) (aa2a3a4) = R≥0〈a, a2, a3, a4〉 and (aa2a3b) = R≥0〈a, a2, a3, b〉.
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The following vectors in the Bergman fan lie in the fibers of the Yoshida matrix over each of the
five rays a, . . . , a4 and b, respectively:
va := e0, va2 := e0+e1, va3 := e0+e1+e4, va4 := 2(e0+e1)+e18+e23+e24+e25, vb := e0+e2+e9.
Recall from Proposition 2.8 that the 135 Cross functions characterize the Eckardt divisor in
M◦m,3. These functions also appear as coefficients of generators of the anticanonical ideal defining
the universal cubic surface. Thus, any fan structure on the tropical Naruki space parameterizing
tropical cubic surfaces in TP44 must be compatible with the tropicalization of these Cross function.
Given a Cross function C, we compute tropC as follows. We write C as a signed difference of two
Yoshida functions C = ±(Yi − Yj), as described in (2.4). The corner locus of trop(C) in N is the
closed subset defined by val(Yi) = val(Yj). This corresponds to the equality of the ith and jth
coordinates in TP39.
Our next result result confirms that the Naruki fan N described above gives a fan structure to
the tropical Naruki space that is well-adapted to the Cross functions, i.e. their valuations will be
piecewise linear on all maximal cones of N :
Proposition 4.4. Let C be a Cross function. The corner locus of trop(C) in the fan N is the
support of a subfan of the Naruki fan.
Proof. Following earlier conventions, for each k = 0, . . . , 39 we let yk = val(Yk) be the kth coordi-
nate of TP39. Let σ be a cone of the Naruki fan. We must to show that σ ∩ (yi = yj) is a subcone
of σ. By induction on dim(σ), it suffices to show that either σ ⊂ (yi = yj) or that the relative
interior of σ is disjoint from the hyperplane (yi = yj). We check this by direct computation with
Sage, available in the Supplementary material. For every cone σ of the Naruki fan, we iterate over
all four expressions ±(Yi −Yj) giving the Cross function C, and verify that the intersection of the
hyperplane (yi = yj) with C is either σ itself or a smaller dimensional cone. 
Remark 4.5. The previous result highlights some interesting features of Cross functions. Given a
cone σ in N , we denote its relative interior by σ◦. Since there are four ways of writing a Cross
function as differences of Yoshidas, it is possible that on a given cone σ we get σ ⊂ (yi = yj)
for one of these expressions, whereas σ◦ ∩ (yk = yl) = ∅ for some other expression. Indeed,
whenever Crossi = ±(Yk−Yl) and val(Yk) 6= val(Yl) for a single point in σ
◦, we have val(Crossi) =
min{val(Yk), val(Yl)} for all points in σ
◦. When all four expressions yield ties along σ◦, we have
(4.5) val(Crossi)|σ◦ ≥ max{min{val(Yk), val(Yl)} : Crossi = ±(Yk−Yl), val(Yk) = val(Yl) on σ
◦}.
We refer to the right-hand side of (4.5) as the expected valuation of Crossi.
A direct computation available in the Supplementary material shows that the valuation of most
Cross functions can be determined over a fixed positive-dimensional cone in the Naruki fan. But
the behavior varies as we travers the fan. No ambiguities arise on the relative interior of the
(aa2a3b) cones. However, on the relative interior of any (aa2a3a4) cone, the valuations of all Cross
functions can be determined, with three exceptions. The precise triple depends on the input cone.
For example, for our chosen (aa2a3a4) representative from Remark 4.3 we can predict all but the
valuations of Cross36,Cross37,Cross38.
The explicit computation of the fiber over (aa2a3a4)
◦ on B will allow us to show that the val-
uation of Cross37 = Y34 − Y8 (see Table A.3) agrees with the expected one, i.e. T(Cross37) =
min{val(Y34), val(Y8)}. As we move to the boundary of both cones, more Cross functions will
have undertermined valuations and they may or may not agree with the expected valuation. The
extremal case is given by the apex of N where no Cross function valuations can be established. We
return to this fact in Sections 7 and 10.
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We end this section by discussing the fibers of the Yoshida map trop(m) : B → N on smooth
points ofN , that is points in the relative interior of the two maximal cone representatives from (4.4).
Here is the precise statement. It will play a central role in Lemma 12.4.
Proposition 4.6. Each fiber of the Yoshida matrix over a smooth point of the Naruki fan is a
unions of 66 cones. Each component is contained in a maximal cone of the Bergman fan and need
not be open nor closed in the quotient topology of R36/R·1. Their closures have between five and
seven extremal rays.
Proof. The result follows by a direct computation, available in the Supplementary material. Next,
we describe the process for points in the relative interior of σ := (aa2a3a4) since this is the relevant
cone for the proof of Lemma 12.4. The method works verbatim for the (aa2a3b) cone representative.
Throughout, we fix the following convention to pick a canonical representative for any vector in
R40/R ·1: all its coordinates are non-negative and at least one of them must vanish. We use the
same convention for representatives in R36/R·1.
Given any maximal cone τ in B, we determine whether Cτ := trop(m)(τ) ∩ σ
◦ is non-empty
by checking if the baricenter of trop(m)(τ) ∩ σ lies in σ◦. This yields a total of 66 valid cones τ ,
involving 53 rays of the Bergman fan B. The computation for (aa2a3b) gives the same number of
cones, but only 52 rays.
For each such τ we wish to compute Cτ . To this end, we determine which positive linear combi-
nations of the five rays of τ map to σ◦. Since σ is simplicial, each ray ρ yields a unique expression
(4.6) trop(m)(ρ) = rρ1 a+r
ρ
2 a2+r
ρ
3 a3+r
ρ
4 a4 .
Notice that trop(m)(ρ) lies in the vector spanned by σ but need not be in the cone σ. Thus, some
scalars rρi might be negative.
The preimage of σ◦ under trop(m) restricted to τ is characterized as those linear combinations∑5
j=1 zjρj with non-negative scalars z1, . . . , z5 ∈ R subject to the following constraints:
(4.7)
5∑
j=1
r
ρj
i zj > 0 for all i = 1, . . . , 4.
The closure of the space of solutions to (4.7) is a polyhedron in R5. Using Sage we determine
its spanning rays. In turn, this data generates the extremal rays of the the closure of the cone
τ ∩ trop(m)−1(σ◦) in R36/R·1. Their number varies between five and seven. The same calculation
certifies that Cτ =σ
◦ for all 66 possible cones τ . Furthermore, the fiber over σ◦ always meets τ◦. 
Remark 4.7. We carry out the computations in the proof of Proposition 4.6 for two of the 66 cones
associated to the fiber over (aa2a3a4)
◦, which we call τ0 and τ1. The output of these calculations
will be used in the proof of Lemma 12.4. We start by listing the rays spanning the closure of each
cone, following our notation for the rays in the Bergman fan:
(4.8) τ0 = R≥0〈ρ0, ρ1, ρ4, ρ204, ρ540〉, τ0 = R≥0〈ρ0, ρ1, ρ4, ρ204, ρ543〉.
Here, ρi = ei for i = 0, 1, 4, whereas ρ204 := e1 + e3 + e4 + e7 + e10 + e13 and
ρ540 := e1 + e3 + e4 + e5 + e7 + e8 + e10 + e13 + e14 + e17 ,
ρ543 := e1 + e3 + e4 + e7 + e10 + e13 + e32 + e33 + e34 + e35.
In the notation of Figure 2, the rays ρ0, ρ1 and ρ4 correspond to the flat F13, whereas the ray ρ204
comes from the flat F4. The remaining two rays are associated to the flat F8.
Following (4.6), we write the image of each ray under trop(m) in the basis {a, a2, a3, a4}:
trop(m)(ρ0) = (1, 0, 0, 0), trop(m)(ρ1) = (−1, 1, 0, 0), trop(m)(ρ4) = (0,−1, 1, 0),
trop(m)(ρ204) = (1, 0,−1, 1), trop(m)(ρ540) = trop(m)(ρ543) = (2, 0, 0, 0).
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The inequalities in the variables z1, . . . , z5 listed in (4.7) yield a polyhedron in R
5 with seven rays:
(4.9) (0, 1, 1, 1, 0), (1, 0, 0, 0, 0), (1, 1, 0, 0, 0), (1, 1, 1, 0, 0), (0, 2, 2, 0, 1), (0, 0, 0, 0, 1) and (0, 2, 0, 0, 1).
The seven extremal rays of the closure of τ ′i := τi ∩ trop(m)
−1((aa2a3a4)
◦) in R36/R·1 are obtained
by multiplying these seven vectors by the five spanning rays of each τi. We write them in the same
order as those in (4.9). To ensure the vector lies in the cone τ ′i the scalars p0, . . . , p6 associated to
a point in the linear span of τ ′i must satisfy:
(4.10) p1 + 2p5 > 0, p2 + 2 p6 > 0, p2 + 3 p4 > 0, p0 > 0 and pi ≥ 0 for all i = 1, . . . , 6.
5. Tropical convexity and collinearity in TPn−1
In this section we describe the convex structure on tropical lines in tropical projective space.
Our main result characterizes collinearity of points in TPn−1 in terms of vanishing of tropical
3× 3 minors. This result extends previous work of Develin-Santos-Sturmfels [12] from the tropical
projective torus to its compactification. Furthermore, it yields an algorithm for reconstructing a
tropical line from its points at infinity. These techniques will be central to proving Theorem 1.1 and
the last claim in Theorem 1.3, describing the metric structure of the tropical lines in the boundary
of each tropical cubic surface T X ⊂ TP44, as we traverse the Naruki fan N .
We start by recalling the definition of a tropical line in Tn−1. They are all obtained as tropical-
izations of classical lines in Pn−1 (see [31, Theorem 3.8].) Equivalently, they arise from (realizable)
rank-two valuated matroids on n-elements. By working with the toric structure of Pn−1 it suffices
to only consider tropical lines meeting the interior of Tn−1. As usual, for each i = 0, 1, . . . , n − 1,
ei denotes the ith. canonical basis vector in R
n.
Definition 5.1. A tropical line meeting the interior of TPn−1 is a balanced metric tree with at most
n leaves attached to unbounded edges or legs of prescribed directions determined by a partition of
{0, . . . , n − 1}. More precisely, if the tree has m leaves, the legs have directions eBj :=
∑
i∈Bj
ei
for j = 1, . . . ,m, where each Bj is non-empty and the sets B1, . . . , Bm partition {0, . . . , n − 1}. A
tropical line will be generic if it has exactly n leaves.
The collections B1, . . . , Bm record the coordinates of each leaf having value ∞. Thus, all leaves
lie in the relative interior of distinct cells in TPn−1. Figure 3 gives an example of two tropical lines
in TP3 meeting its interior. Tropical lines in the boundary of TPn−1 will be viewed as meeting the
interior of a suitable boundary cell TPs−1 ⊂ TPn−1.
A = (0, 1,∞, 0)
B = (0,∞, 2, 0)
C = (0, 1, 2, 0)
E = (0, 0, 1,∞)
F = (∞, 0, 1, 0)
D = (0, 0, 1, 0)
D′ = (∞, 1, 2,∞)
Figure 3. A generic tropical line in TP3 and a non-generic one associated to the
partition {0, 3} ⊔ {1} ⊔ {2} of {0, 1, 2, 3}.
Classically, collinearity of r ≥ 3 distinct points in Pn−1 has a simple characterization: the
associated r×n-matrix must have rank two. Equivalently, all its 3×3 minors vanish. Foundational
work on tropical linear algebra [12] yields the analogous statement for deciding tropical collinearity
in the tropical projective torus. The determinant of each minor is replaced by its tropical permanent:
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Definition 5.2. The tropical permanent of a matrix S ∈ R
d×d
is defined by
(5.1) perm(S) = trop(det)(S) = min
σ∈Sd
{s1σ(1) + . . .+ sdσ(d)},
where Sd denotes the set of permutations of [d]. The matrix S (or its permanent) is tropically
singular if the minimum in (5.1) is achieved twice. Otherwise, we say it is tropically non-singular.
Our next result extends the above characterization of tropical collinearity from the tropical
projective torus to the compact setting.
Proposition 5.3. Fix a collection C of r distinct points in TPn−1 with pairwise disjoint ∞-entries.
Then, the collection C is tropically collinear if and only if all 3× 3-minors of the associated r× n-
matrix with entries in R are tropically singular.
Proof. We let M be the tropical r × n-matrix in the statement. If C lie in the tropical projective
torus Rn/R ·1, the matrix M has entries in R, and the statement follows from [12, Corollary 3.8
and Theorem 6.5]. If we allow some of the points to lie in the boundary of TPn−1 the argument
needs to be slightly modified.
We fix C := {p1, . . . , pr}. Our hypothesis on the∞-entries of each pi ensures that each coordinate
hyperplane contains at most one point of C. In particular, any tropical line containing them must
meet the interior of TPn−1.
Fist, we suppose the collection C is tropically collinear, and let T ℓ be the tropical line through
its points. In order to use the collinearity criterion over Rn/R·1, we replace C by a new collection
C′ := {p′1, . . . , p
′
r} of r points with no ∞-coordinates. By construction, every point pi in the
boundary of TPn−1 will be a leaf of T ℓ. We replace each leaf pi by a point p
′
i in the leg adjacent
to pi. If a point pi has only real coefficients we set p
′
i = pi. The collection C
′ is contained in T ℓ
and the corresponding tropical matrix M ′ has only real entries. Therefore, collinearity in Rn/R·1
ensures that all 3 × 3-minors of M ′ are tropically singular. As the points in C′ approach those in
C, continuity ensures that the corresponding tropical permanents of M are also tropically singular.
For the converse, assume that all 3 × 3-minors of M are singular. As before, we will approxi-
mate our collection C by a collection C′ in Rn/R ·1 whose matrix M ′ has the same property. We
use Lemma 5.4 below to build a coordinate projection TPn−1 → TPm−1 to ensure that each pi has
at most one ∞ coordinate. Lemma 5.6 will allow us to lift any line through π(C) in TPm−1 to a
line in TPn−1 through C. Thus, we may assume m = n and π is the identity map.
To produce a collection of points in Rn/R·1 from C, we fix a positive integer N and we let M ′ be
the matrix obtained by replacing every ∞-entry of M by N . We let C′N := {p
′
i : 1 ≤ i ≤ r} be the
collection of rows of M ′. By construction, the non-boundary points of C are also in C′N . Assume
they are the last s points of each collection.
If N is large enough, the distribution of ∞ entries in M ensures that every real term of any
3× 3-minor of M has the same value as the corresponding minor on M ′. Thus, all 3× 3-minors of
M ′ are tropically singular, so C′N is tropically collinear. We let T ℓN be a tropical line through C
′
N .
We claim that whenever N is large enough we can pick T ℓN so that it contains C as well. Indeed,
given any µ ≥ 0, we let Cµ,N be the configuration of 2r − s points in TP
n−1 obtained by adding to
C′N all r− s points pi
′′ := p′i+µei for i = 0, . . . , r− s− 1. For N large enough, we conclude that all
the 3 × 3-minors of the (2r − s)× n matrix associated to Cµ,N are tropically singular. Hence, the
expanded configuration will remain collinear. We let T ℓN,µ be any tropical line through Cµ,N .
For µ large enough, it follows that all points pi
′′ lie on (distinct) legs of T ℓN,µ. Thus, the sequence
{T ℓN,µ}µ can be taken to be ultimately constant. Set this limiting value to be the tropical line
T ℓ. Since C′N+µ ⊂ CN,µ, it follows that we can set T ℓN+µ equal to T ℓ as well. Since the points pi
′′
converge to pi in C we conclude that C lies in T ℓ. This concludes our proof. 
Lemma 5.4. Let C be a collection of r points in TPn−1 with pairwise disjoint ∞-entries, and let
M be its associated r × n matrix. Assume that C has k points in the boundary of TPn−1. Then:
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(i) Two columns of M with a common ∞ entry represent the same point in TPr−1.
(ii) The coordinate projection π : TPn−1 99K TPm−1 where m is the number of distinct columns of
M viewed in TPr−1 is well-defined and injective on C.
Proof. After permutation, we may assume that M has the form:
M =

∞ . . . ∞ ∗ . . . ∗ . . . ∗ . . . ∗ ∗ . . . ∗
∗ . . . ∗ ∞ . . . ∞ ∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗
∗ . . . . . . . . . . . . ∗ . . . ∗ ∗ . . . ∗
∗ . . . . . . . . . ∗ . . . ∗ ∞ . . . ∞ ∗ . . . ∗
∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗
...
...
...
...
...
...
...
...
...
...
∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗

,
where the ∗ indicate the corresponding entry has a real value. For each i = 0, . . . , r − 1, we let Bi
be the columns corresponding to ∞-entries on the i-th row of M . In particular, if the bottom right
block matrix has size s × k, with s, k ≥ 0, it follows that Br−k = . . . = Br−1 = ∅. Furthermore,
since every row lies in TPn−1, we can find an si in {0, . . . , r − k − 1} with Misi ∈ R.
First, assume |Bi| ≥ 2. Working with the 3 × 3-tropical permanents involving 2 columns of Bi
and the column si, we conclude that the (r − 1)× |Bi|-submatrix of M with rows in [n]r {i} and
columns in Bi has tropical rank 2, that is, all its 2× 2-minors are tropically singular. In particular,
the difference of any two columns in this submatrix is a multiple of the all-ones vector so all columns
in Bi represent the same point in TP
r−1. This proves the first statement.
The coordinate projection π is determined by a choice of m columns from M . We pick the first
column of each non-empty Bi and take the remaining columns in [n]r
⊔r−k−1
i=0 Bi. By construction,
the columns in the latter set lie in Rr/R·1, so π is well defined on C. Injectivity follows from (i). 
Tropical linear spaces correspond to valuated matroids [32]. In this language, the set of leaves of
a tropical line corresponds precisely to the cocircuits of the underlying rank-two (loopless) valuated
matroid on n-elements. In turn, the sets B1, . . . , Bm encode the parallel elements of this matroid.
This interpretation and the proof of Proposition 5.3 both have the following consequence:
Corollary 5.5. Any tropical line in TPn−1 is uniquely determined by its set of leaves.
Let T ℓ be a tropical line in TPn−1 with m leaves associated to the partition
⊔m
i=1Bi of [n].
Consider any subset J of [n] of size m containing exactly one element of each set Bi. We define the
canonical projection:
(5.2) πJ : TP
n−1
99K TP|J |−1.
Lemma 5.6. The projection πJ from (5.2) is well defined on T ℓ and its image is a generic tropical
line in TPm−1. Furthermore, T ℓ can be uniquely recovered from its image together with the data of
J and all its leaves.
Proof. By Lemma 5.4, the projection πJ is well-defined on the leaves of T ℓ. Since all remaining
points of T ℓ have all real coordinates, it is well-defined on the whole tropical line. By construction,
the set πJ(T ℓ) is a balanced metric tree with m leaves. All its legs have directions e0, . . . , em−1, so
the result is the tropical generic line in TPm−1.
To reconstruct T ℓ from its leaves and its image under πJ we must determine the missing n−m
coordinates of each point in the target line. We let p0, . . . , pm−1 be the leaves of ℓ, and we let Bi
be the set of ∞-coordinates of pi. After applying a permutation in Sn, we may assume all Bi’s are
intervals. Given i = 0, . . . ,m− 1 we let bi be the single element of Bi ∩ J . For each j ∈ Bi we set
λj := (ps)j − (ps)bi for anys 6= i.
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By Lemma 5.4, the left-hand expression is independent of our choice of s. It follows that any point
q ∈ πJ(ℓ) ⊂ T
m−1 can be lifted uniquely to a point q in ℓ setting qj := λj + qi for each j ∈ Bi. 
The proof of Proposition 5.3 yields an algorithm to reconstruct any tropical line from its set
of leaves. This will play a central role in Section 10. By Lemma 5.6, it suffices to only consider
the case when the tropical line is generic and meets the interior of TPn−1. This is the content
of Algorithm 1.
Remark 5.7. Since all primitive edge directions of metric trees in TPn−1 are of the form −eI :=
−
∑
i∈I ei, we write (v, I) to indicate a vertex or leaf v of a given tree and a directed edge with
direction −eI adjacent v.
Algorithm 1: Reconstructing a generic tropical line in TPn from its set of n+ 1 leaves.
Input: A list C := {p0, . . . , pn} of tropically collinear points in TP
n.
Assumption: Each pi has exactly one ∞ coordinate, namely (pi)i =∞ for all i.
Output: The vertices and edges of the unique tropical line in TPn through C.
Vertices ← {(pi, {i})} ; Edges ← ∅ ;
StopTest ← {((v, I), (v′ , I ′)) ∈ Vertices2 : I ∪ I ′ = {1, . . . , n}};
while StopTest = ∅ do
PairsVertices ← {(v, I), (v′ , I ′) ∈ Vertices2 : v 6= v′ in Tn}
while PairsVertices 6= ∅ do
((v, I), (v′, I ′))← last element from PairsVertices;
PairsVertices ← PairsVerticesr {((v, I), (v′ , I ′))} ;
if the system (5.3) admits a solution (λ, λ′, µ) giving a vertex v′′ then
(v′′, I ′′)← (v′′, I ∪ I ′);
Vertices ← Vertices ∪ {(v′′, I ′′)}; Edges← Edges ∪ {(v, v′′), (v′, v′′)};
Merge pairs (v, I) in Vertices giving the same point in TPn and adjust Edges as follows:
1. AllVertices← {v : ∃I with (v, I) ∈ Vertices} viewed in TPn;
2. for v ∈ AllVertices do
AllDirections← {I ′ : I ′ ⊂ [n], and ∃(v′, I ′) ∈ Vertices with v′ = v in TPn};
Iv ←
⋃
I′∈AllDirections I
′ ;
3. Vertices← {(v, Iv) : v ∈ AllVertices};
4. Edges← {(v, v′) : v, v′ ∈ Vertices, ∃(ω, ω′) ∈ Edges with ω = v and ω′ = v′ ∈ TPn};
StopTest← {((v, I), (v′, I ′)) ∈ Vertices2 : I ∪ I ′ = {1, . . . , n}}
Edges← Edges ∪ {(v, v′) : ((v, I), (v′ , I ′)) ∈ StopTest};
Merge pairs in Vertices giving the same points in TPn and adjust Edges (as in 1–4 above);
return (Vertices, Edges).
The next technical lemma is be at the hearth of the construction. It determines when a given
pair of vertices of a tropical line are connected through a third vertex with prescribed directions
for the pair of adjacent edges or legs.
Lemma 5.8. Let (v, I) and (v′, I ′) be a pair of vertices of a generic tropical line in TPn together
with an edge (or leg) adjacent to each. Then, we can find a vertex v′′ adjacent to both v and v′ via
the prescribed edges if and only if the following system
(5.3) vk − λ(eI)k = v
′
k − λ(eI′)k + µ for all k ∈ {j ∈ {1, . . . , n} with vj , v
′
j 6=∞}
has a solution (λ, λ′, µ) with λ, λ′ ≥ 0 and µ ∈ R. Furthermore, we can recover the vertex v′′ in
TPn as v′′k = vk − λ eI if vk 6=∞, whereas v
′′
k = v
′
k − λ
′ eI′ + µ1 if vk =∞.
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Proof. The genericity assumption ensures that v and v′ have disjoint sets of ∞-coordinates. The
result follows by a simple linear algebra computation. 
Proof of Algorithm 1. The algorithm constructs a generic tropical line in TPn by generating new
vertices and edges from old ones. The production starts from the leaves and produces non-leaf
vertices in a level structured fashion, moving towards the center of the tree. The set Vertices will
collect all pairs (v, I) where v ∈ TPn is a leaf or vertex of the tree and I indicates the inward direction
−eI , i.e. the unique edge adjacent to v pointing towards the center of the tree (see Remark 5.7.)
The set Edges records all pairs of adjacent vertices. Our stopping criterion is given by the variable
StopTest that checks if two vertices have complementary inward directions.
Each iteration will produce new vertices from pairs (v, I), (v′, I ′) of oldones with prescribed
inward directions by analyzing the solvability of the corresponding system (5.3). After running
through all such pairs, and producing new vertices, we must “merge” distinct elements in Vertices
to record only the vertex representatives in TPn together with their true inward directions.
We do so as follows. Assume (v, I) is a vertex produced at a given iteration, but we had already
constructed v from a different pair of vertices. In this case, we must modify the set I. To this end,
we collect all sets I ′ where (v′, I ′) ∈ Vertices and v′ = v ∈ TPn in the variable AllDirections.
By the balancing condition, the new inward direction emanating from v will be encoded by the set
Iv obtained as the union of all elements in AllDirections. Once the set Vertices is adjusted, we
produce the set Edges by replacing an unordered pair (ω, ω′) in the old collection by the pair of
the representatives.
Once the stopping criterion StopTest is reached, we conclude that all vertices of the generic
tropical line in TPn with leaves C have been covered: we have a path from each leaf to one of the
two vertices in each pair ((v, I), (v′ , I ′)) in StopTest. It follows by construction that (v, v′) is an
edge of the tree, so we must add all such pairs to our set Edges, if they were not recorded earlier.
Finally, we perform a merging step of all vertices, together with the corresponding adjustment
of the set of edges, and then output the pair (Vertices, Edges). 
Algorithm 1 outputs each edge of a generic tropical line as its pair of adjacent vertices. Since
each vertex comes with the information of its adjacent edge’s direction pointing towards the center
of the line, we can easily determine all edge lengths from this data, as we now explain:
Lemma 5.9. Consider a pair (v, I) and (v′, I ′) of adjacent vertices of a generic tropical line in
Tn. Then, either I ⊔ I ′ = [n], I ⊂ I ′ or I ′ ⊂ I. In the first two cases, the lattice length of the edge
joining v and v′ equals |λ|, where (λ, µ) is the unique solution to the system
(5.4) v′ − v = λ
∑
i∈I
ei + µ1 in R
n+1.
In the third situation, the length is obtained by exchanging the roles of (v, I) and (v′, I ′).
Proof. Since v and v′ are adjacent, we know that the direction of the edge joining them is one of
the two inward directions. Algorithm 1 provides two possible scenarios: either I and I ′ are disjoint
(since the stopping criterion was reached), or one of the vertices was obtained before the end of
the While cycle. In the latter case, either I ⊂ I ′ or viceversa. In both situations, up to a scalar
multiple of 1, the primitive direction of the edge joining v and v′ is one of the two inward directions:
the smaller among I and I ′, or any of them if they are disjoint. The equation (5.4) follows. 
6. Combinatorics of extra tropical lines on tropical cubic del Pezzo surfaces
In this section, we turn our attention to the central topic of this paper, namely, the number of
tropical lines on anticanonically embedded tropical cubic surfaces. Our main technique to rule out
extra lines on tropical cubic surfaces exploits the rigid structure of the boundary of the tropical
26 M.A. CUETO AND A. DEOPURKAR
surface. In this section, we take the first step and build candidate boundary points in any potential
tropical lines meeting the interior of the tropical surface.
As in the previous sections, we let X be a smooth cubic del Pezzo surface without Eckardt
points, embedded in P44 via the anticanonical map, and we consider its induced tropicalization
T X ⊂ TP44. Our discussion in Sections 3.1 and 3.2 reveals a key property of this embedding: the
boundary of the surface X determined by the coordinate hyperplanes is supported on the 27 lines
on X. Since the boundary of TX is the tropicalization of the boundary of X, we conclude that any
tropical line in the boundary of T X must be supported on the arrangement of trees determined by
the tropicalizations of the 27 classical lines.
Recall that the 10-regular Schla¨fli graph on 27 vertices is the intersection complex of the boundary
divisor of X ⊂ P44 in the absence of Eckardt points. The following is the main result of this section.
It shows that any potential tropical line meeting the interior of T X has exactly five boundary points.
Furthermore, they correspond to the intersection points of each of the five pairs of boundary tropical
lines meeting a common exceptional curve. We refer to them as nodal points.
Theorem 6.1. Let X be a smooth cubic del Pezzo surface without Eckardt points. Consider its
tropicalization with respect to the anticanonical embedding. Then, TX contains at most 27 extra
tropical lines meeting its interior. Each such line is indexed by a given exceptional curve in X, and
has precisely five boundary points arising from the tropicalization of the five nodes associated to the
link of the indexing curve in the Schla¨fli graph.
Remark 6.2. Since every tropical line in TP44 is realizable, we will always write any potential
tropical line as T ℓ for some line ℓ in P44. Since any extra line on T X meets its interior, our earlier
discussion ensures that ℓ meets the dense torus. The tropical line T ℓ satisfies two key properties:
(i) T ℓ meets all 45 boundary hyperplanes in TP44, each one of them indexed by an anticanonical
triangle. Each such intersection consists of one point.
(ii) T ℓ intersects each boundary tropical line in at most one point.
Since T ℓ is a tree with at most 45 leaves and its legs have directions with disjoint support, there
is at most one point in the intersection between T ℓ and any given boundary hyperplane. Equality
holds by construction.
Proof of Theorem 6.1. Following Remark 6.2, we write our potential extra tropical line as T ℓ for
some line ℓ meeting the dense torus of P44. Our first key observation is that the combinatorics of the
boundary of T X, make it impossible to simultaneously satisfy conditions (i) and (ii) in Remark 6.2.
A careful case by case analysis, which is described by Lemmas 6.4, 6.5 and 6.6, shows that T ℓ meets
every boundary tropical line of T X in at most one point, which must be nodal.
By Corollary 3.13 we know that each node lies in exactly nine boundary hyperplanes. Since all
boundary points of T ℓ must have disjoint sets of∞-entries by (i), we conclude that T ℓ has at most
five boundary points. By the action of W(E6) we may assume that one of them equals T E1∩T F12.
Lemma 6.7 implies that the remaining four boundary points of T ℓ are T Ei ∩ T F2i for i 6= 1, 2.
Notice that these five points come from the pairwise intersections of the ten classical lines meeting
G2, so we use G2 to index T ℓ. By Corollary 5.5, T ℓ is uniquely determined by its boundary points.
There are 27 such labels and they are all W(E6)-conjugate. This concludes our proof. 
Lemma 6.3. If T ℓ meets T E for some exceptional curve E ∈ s at a non-nodal point, then T ℓ
avoids all ten lines T E′ with E′ ∈ s and E′ ∩ E 6= ∅.
Proof. By the action of the Weyl group W(E6) we may assume that E = E1. Then E
′ = F1j or
Gj for j = 2, . . . , 6. Condition (i) from Remark 6.2 applied to the boundary hyperplane indexed
by the symbol x1j in t ensures that T ℓ avoids T E
′. 
Lemma 6.4. T ℓ cannot meet three tropical boundary lines at non-nodal points.
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Proof. We argue by contradiction. Lemma 6.3 ensures that the tree lines in the statement come
from disjoint exceptional curves. Without loss of generality, by the action of the Weyl group W(E6)
we may assume they are T E1, T E2 and T E3. Again, Lemma 6.3 implies that T ℓ avoids the three
lines T F14, T F25 and T F36. By Lemma 3.14 we conclude that T ℓ does not intersect the boundary
hyperplane indexed by the symbol y123456 in t, in violation of condition (i) from Remark 6.2. 
Lemma 6.5. T ℓ cannot meet two boundary tropical lines at non-nodal points.
Proof. Again, we argue by contradiction. By Lemma 6.3, we know that the two boundary lines in
the statement cannot intersect. Without loss of generality, we may assume they are T E1 and T E2.
Again, Lemma 6.3 ensures that T ℓ avoids all lines T Gk, T F1j and T F2l for k = 1, . . . , 6, j = 2, . . . , 6
and l = 3, 4, 5, 6. However, since T ℓ intersects all the hyperplanes indexed by the symbols y1k2l∗∗
in t, we conclude that T ℓ meets all tropical lines Fij with i, j /∈ {1, 2}. In particular, T ℓ avoids
T F12 but meets both F34 and F56. Lemma 6.3 forces this intersection to be the node T F34 ∩T F56.
Since T ℓ avoids T F13 and T G1 and meets the anticanonical triangle associated to x31, it follows
from Lemma 3.14 that T ℓ intersects T E3. Since T F34 also meets T ℓ, it follows that T F34 ∩ T ℓ =
T F34∩T E3. This contradicts condition (i) from Remark 6.2 because T F34∩T F56 and T E3∩T F34
are distinct points in T F34 by Lemma 3.15. 
Lemma 6.6. T ℓ cannot meet a boundary tropical line at a non-nodal point.
Proof. As before, we argue by contradiction. Without loss of generality, we assume the line in the
statement is T E1. Lemma 6.3 implies that
(6.1) T ℓ ∩ T F1i = ∅ and T ℓ ∩ T Gi = ∅ for all i 6= 1.
Claim 1. T ℓ intersects T Ei for all i = 2, . . . , 6.
On the contrary, assume T ℓ avoids one of these lines, say T E6. By considering the symbol x61
in t, condition (ii) and (6.1) ensure that T ℓ ∩ T G1 6= ∅. Since T ℓ meets T E1 at a non-nodal point
by hypothesis, Lemma 6.5 forces T ℓ ∩ T G1 to be a nodal point of T G1. Again, (6.1) and the
combinatorics of the anticanonical triangles restrict the nature of this node: it must lie in T Ej for
some j = 2, . . . , 5, which we may take as T E2.
Since T ℓ ∩ T G1 ∩ T E2 6= ∅, conditions (i) and (ii) from Remark 6.2 and the absence of Eckardt
points implies that T ℓ avoids T F2i for all i 6= 2. By considering the hyperplane indexed by the
symbol x31, condition (ii) and (6.1) ensure that T ℓ does not meet T E3.
Finally, since T ℓ ∩ T E3 = T ℓ ∩ T G2 = T ℓ ∩ T F23 = ∅, we conclude that T ℓ does not meet the
hyperplane indexed by x32, violating condition (i). The claim follows from here.
Claim 2. T ℓ ∩ T Fij = ∅ for all 1 < i < j ≤ 6.
The result follows from Claim 1. Indeed, if any of these intersections were non-empty, Lemma 6.3
would force it to be both the nodes T Fij∩T Ei and T Fij∩T Ej . This cannot happen by Lemma 3.14.
Finally, Claim 2 implies that T ℓ avoids the hyperplane indexed by y123456, violating condition
(i). This concludes our proof. 
The previous lemmas ensure that the boundary points of any extra tropical line in TX meeting
the interior of TP44 lie in the set of 135 boundary nodal points. Our next result implies that
knowing one of them, determines the rest:
Lemma 6.7. Let X be a smooth cubic del Pezzo without Eckardt points and let T ℓ be a tropical line
in T X meeting the interior of TP44. Assume T ℓ intersects the line T E1 at some node T E1∩T F1k
with k 6= 1. Then, T ℓ has exactly five points in its boundary, namely T Ei ∩ T Fij with i 6= j.
Proof. By the action of S6, we may assume that k = 2. Since T ℓ intersects T F12 at T E1 ∩ T F12,
conditions (i) and (ii) from Remark 6.2 ensure that T ℓ avoids T E2, T G1, T G2 and all T Fmn with
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m,n /∈ {1, 2}. Likewise, since T ℓ intersects T E1 at the same node T E1 ∩ T F12, we conclude that
T ℓ misses T F1j and T Gj for all j = 3, 4, 5, 6.
Next, we analyze the intersection of T ℓ with the eight remaining boundary tropical lines, namely
T Ej and T F2j for j = 3, . . . , 6. By Lemma 6.6, any such intersection point must be nodal, and
these eight lines come in four intersecting pairs. Thus, T ℓ itself has at most 5 boundary points.
Since T ℓ avoids both T E2 and T Gj for all j = 3, . . . , 6, but meets the boundary hyperplane
indexed by x2j, we conclude that T ℓ meets all T F2j . Similarly, analyzing the intersection between
T ℓ and the triangles xij for a fix i 6= 1, 2 and j /∈ {1, 2, i}, it follows that T ℓ meets T Ei.
Finally, since T ℓ meets both T Ei and T F2i for i 6= 2, Lemma 6.3 ensures that these intersections
are the node T Ei ∩ T F2i. Thus, the boundary points of T ℓ have the desired description. 
Theorem 6.1 imposes severe restrictions on any potential tropical line on T X meeting the interior
of TP44 by characterizing its boundary points. Each such combination arises as the tropicalization
of the five points in P44 associated to the link of a vertex in the Schla¨fli graph. The anticanonical
coordinates of each of these points lies in the function field assocaited to the 40 Yoshida functions
from Subsection 2.3. The next result realizes them as Laurent monomials in both Yoshidas and
Cross functions. The proof provides an algorithm for determining these expressions. Implementa-
tions in Python and Sage are available in the Supplementary material.
Lemma 6.8. Let XL → SpecL be the universal a smooth cubic del Pezzo surface anticanonically
embedded in P44. Then, each of the 135 nodes of XL obtained as pairwise intersections between its
27 exceptional curves has exactly nine zero coordinates. The remaning ones are Laurent monomials
in the Yoshida and Cross functions. Furthermore, each nonzero coordinate has at least one Cross
function factor.
Proof. By the action of W(E6), it is enough to show the validity of the statement for the five points
associated to the link of G2, namely E1 ∩ F12 and Ei ∩ F2i for i 6= 1, 2. By Corollary 3.13, these
points are characterized by the vanishing of precisely nine anticanonical coordinates in the linear
span of XL cut out by the 270 linear equations (3.10).
Using Sage, we compute a basis {v0, . . . , v3} of the four-dimensional solution set to this linear
system over the function field associated to the 40 Yoshida functions. We encode it as a 4 × 45
matrix M all of whose entries are Laurent monomials in Yoshida and Cross functions. Since these
functions are algebraically depedent, we choose to work instead with an equivalente matrix M ′,
whose entries are the rational functions in the parameters d1, . . . , d6 expressing the corresponding
entries in M . The new matrix is obtained from the W(E6)-orbits of (2.2) and (2.5).
We obtain the precise coordinates for the classical node associated to a given boundary point of
T ℓ by finding a generator of the one-dimensional left-kernel of the corresponding 4×9-submatrix of
M ′: this generator provides the scalars in the linear combination of the vectors vi giving the node.
For example, the point E1 ∩ F12 coincides with the basis element v3, but in general, the scalars
will be rational functions in parameters d1, . . . , d6. A Python script allows us to re-express these
coordinates as rational functions in the Yoshidas functions.
By factorizing the 36 nonzero coordinates of E1 ∩ F12, we certify the claim in the statement
(see the Supplementary material.) The factors are monomials and binomials in the Yoshidas.
Furthermore, these binomial expressions yield Cross functions. By acting via the transpositions
(1 i) in S6 we see that the remaining four nodes associated to the link of G2 the Schla¨fli graph have
the desired monomial expressions. This concludes our proof. 
Remark 6.9. The parameterization of the 135 nodes described in Lemma 6.8 in terms of Yoshida and
Cross functions is solely obtained from the coordinates of the P3 linearly spanned by X → SpecK,
and makes no use of the binomial cubic equation cutting out XL in P
3
L. Explicit coordinates for
the 27 quintuples of nodes are available in the Supplementary material.
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Remark 6.10. Let X
R̂
→ Spec R̂ be the universal family of marked smooth cubic del Pezzo surfaces
(see Remark 3.3) and X
R̂
⊂ P44
R̂
the universal anticanonical embedding defined by the 45 sections
EiFijGj . Each of the 135 nodes of the anticanonical triangles gives a section Spec R̂→ XR̂ ⊂ P
44
R̂
.
By Lemma 6.8, over the generic point Spec
L̂
, the homogeneous coordinates of this section are given
by Laurent monomials in the Yoshida and Cross functions. By continuity, the expressions for the
homogeneous coordinates remain valid over the open subset of Spec R̂ where the Cross functions
are invertible. Note that the Yoshida functions are already invertible in R̂ as they are products of
the roots in E6. As a result, if X → SpecK is a marked smooth cubic del Pezzo surface without
Eckardt points defined over the valued field K, then the homogeneous anticanonical coordinates of
the 135 nodes are given by Laurent monomials in the Yoshida functions and the Cross functions,
as specified in Lemma 6.8.
7. Ruling out extra tropical lines for non-apex Naruki cones
Proposition 5.3 provides a powerful tool to check when a finite set of points in TPn−1 is not
collinear. Namely, it suffices to find a tropically non-singular 3 × 3-minor in the associated r × n-
matrix with entries in R. In this section we exploit this fact to rule out extra tropical lines for
tropical cubic surfaces TX whenever the valuations of the 40 Yoshida functions determining X lies
in a non-apex cone in the Naruki fan. A separate analysis will be required for the apex. We do
this in Section 9.
The following is the main result in this section and gives a precise version of Theorem 1.1. To
simplify the exposition, its proof will be provided by a series of auxiliary technical lemmas and
propositions.
Theorem 7.1. Let X be a smooth del Pezzo cubic without Eckardt points with associated Yoshida
functions Y ∈ P39K . Assume the coordinate-wise valuation of Y lies outside R ·1. Then, the anti-
canonically embedded tropical del Pezzo cubic TX has exactly 27 tropical lines.
Proof. Lemma 3.15 ensures that the boundary of TX contains exactly 27 tropical lines. Theorem 6.1,
Proposition 7.2 and Lemma 7.3 imply that there are no tropical lines in TX meeting its interior.
By Remark 6.2, this concludes our proof. 
In the rest of the section, we describe the algorithmic approach to Theorem 7.1 and the new
aforementioned results involved in its proof.
Our computations in Section 6 determined the existence of at most 27 tropical lines on T X
beyond the tropicalization of the 27 classical lines in X, each of which has exactly five boundary
points. Each extra line is indexed by a symbol in s corresponding to the 27 exceptional curves
in X as in Remark 2.11. Theorem 6.1 expresses the five boundary points of any potential line
as the tropicalizations of the 135 nodes in the boundary of the surface X. By Lemma 6.8, the
coordinates of these nodes come in two flavors: nine of them are zero, and the remaining 36 are
Laurent monomials in the Yoshidas and Cross functions. Furthermore, Cross functions do appear
in all nonzero coordinates.
The Cross functions, expressed as linear binomials in the 40 Yoshida functions yield the Cross
tropical hyperplane arrangement in R40 generated by the single hyperplane Y3 = Y37 (associated
to the Cross116 function) and its 134 W(E6)-conjugates. Proposition 4.4 confirms that the Cross
arrangement is compatible with the fan structure of N discussed in Section 4. The valuation of
each Cross function cannot be completely determined from a given point in N if the point lies
in the tropical hyperplane determined by the Cross. Indeed, in the presence of ties between the
summands, the valuation of the binomial expression can be higher than expected. Our previous
observation allows us to check this condition uniformly on each non-apex cone of N using any point
in its relative interior. We choose the sum of the rays spanni
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The uncertainty of the valuations of these 135 Cross functions makes it a priori impossible to
determine all coordinates of boundary points of extra tropical lines on TX from the associated five
classical nodes. To take this uncertainty into account, proceed as follows. Given a non-apex cone
σ in N and a symbol in s indexing a potential tropical line, we compute two 5× 45-matrices:
(1) a matrix Mexp with the expected valuations of each of the five classical nodes in P
44
(see Remark 4.5.) The entries are linear functions in the valuations of the Yoshida functions.
For a given point in σ◦ it gives an element in R;
(2) a matrix Mtrue whose (i, j) entries come in two types. Given σ, we conside the collection
C indexing all Cross hyperplanes intersecting its relative interior. If the jth coordinate of
the ith. node in P44 does not contain any Cross function in C, then the valuation of this
coordinate is the expected one, so Mtrue[i, j] = Mexp[i, j]. Otherwise, its valuation cannot
be determined. We record the entry of Mtrue as a ‘None’.
Rather than working with all cones in N , it suffices to pick W(E6)-orbit representatives of all
maximal cones in the Naruki fan N and their faces. This reduces our task to 23 non-apex cones.
We choose the two top-dimensional neighboring cones from (4.4) as the representatives of the two
orbits of maximal cones in N .
The values of these 27 pairs of matrices is constant along the relative interior of each of the
above 23 cones. Our implementation stores the values of these two matrices at the baricenter of
each cone σ, so the entries of our matrices take values in R ∪ {None}. For each cone σ in N , we
record the 27 pairs of (evaluated) matrices as the family
(7.1) Fσ := {(Mexp[E, σ],Mtrue[E, σ]) : E in s}.
We use the families Fσ to rule out all the potential extra tropical lines in TX meeting the
interior of TP44 for all cones in N except the apex. The process is described in Algorithm 2 and
its implementation in Python can be found in the Supplementary material. Most of the non-apex
cones of N are covered by Proposition 7.2. The cone of type (a) requires a different strategy for 15
of the indexing symbols in s. Lemma 7.3 discusses these special cases. It is important to highlight
that our method rules out extra lines both for stable and unstable tropical cubic surfaces.
Proposition 7.2. Assume the valuation of the 40 Yoshida functions associated to X lies outside
R·1. Given a symbol E in s associated to a vertex of the Schla¨fli graph, we consider the five nodes on
X corresponding to the link of E. Then, their tropicalizations in TP44 are not tropically collinear.
Proof. Since not all 40 Yoshida functions on X have the same valuation, we know the associated
point p in N is not the apex. We let σ be the smallest cone in N containing the point p in its
relative interior, and consider the family Fσ in (7.1) encoding the expected and true coordinatewise
valuations of the 27 quintuples of classical nodes in the link of E (see Lemma 6.8.)
Given the symbol E, Algorithm 2 starts from the pair of matrices (Mexp[E, σ],Mtrue[E, σ]) and
a fixed 3-element set J of {0, . . . , 5} and searches for a 3-element set J ′ of {0, . . . , 44} giving a
tropically non-singular minor of Mtrue[E, σ] with rows in J and columns in J
′ that agrees with the
corresponding minor of Mexp[E, σ]. The last condition is tested by simply checking that the minor
of Mtrue[C, σ] has no ‘None’ entries. The existence of such a minor together with Proposition 5.3
would imply that the tropicalization of the five nodes associated to E are not tropically collinear
in TP44.
If such a minor cannot be found, the Algorithm records the list NonSingMinors of all non-singular
3 × 3 minors from Mexp[E, σ] with columns in J . Our Python implementation then repeats the
search for the the next set J in the lexicographic order. We iterate this process until all triples of
rows have been tested.
Table 8.1 gives all instances where Algorithm 2 succeeds. We record the information of rows
and columns giving a tropically non-singular 3 × 3-minor of Mtrue[C, σ]. The method finds a
tropically non-singular minor for all non-apex cones in N and all curves E with one exception: the
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Algorithm 2: Ruling out a potential tropical line in TP44 meeting the interior of TX.
Input: An ordered list J in {0, . . . , 4} of size 3 and a pair of 5× 45 matrices (Mexp,Mtrue) in
Fσ of expected and certain coordinates of five points in the boundary of TX ⊂ TP
44,
for a fixed cone σ in the Naruki fan N .
Assumption: X is a smooth del Pezzo cubic with no Eckardt points, embedding in P44 via
the Yoshida-adapted anticanonical coordinates, where the valuation of its 40 associated
Yoshida functions yield a point in the cone σ.
Output: A 3-element subset in {0, . . . , 44} giving the columns of a tropically non-singular
3× 3 minor with rows in J for each pair (Mexp,Mtrue) in Fσ, or a list of all
3-element subsets of {0, . . . , 44} giving tropically non-singular minors of Mexp if no
tropically non-singular minor without ‘None’ entries can be detected.
NonSingMinors← ∅ ;
for J ′ in Subsets([44], 3) do
Sexp(J, J
′)← 3× 3-submatrix of Mexp with rows J and columns J ′;
if Sexp(J, J
′) is tropically non-singular then
NonSingMinors ← NonSingMinors + [J ′]
Strue(J, J
′)← 3× 3-submatrix of Mtrue with rows J and columns J
′;
if Strue(J, J
′) = Sexp(J, J
′) then
return J ′
return NonSingMinors.
combination of the (a) cone and the 15 exceptional curves in the collection
(7.2) F := {E3, E4, E5, E6, F12, F34, F35, F36, F45, F46, F56, G3, G4, G5, G6}.
In these cases, Lemma 7.3 and Algorithm 3 provides a tropically non-singular minor for the corre-
sponding element in F(a). This concludes our proof. 
The failure of Algorithm 2 in providing a certifying minor with entries in R for the pairs
(Mexp[E, (a)],Mtrue[E, (a)]) for a symbol E in the set F from (7.2) need not imply the tropi-
cal collinearity of the corresponding five boundary points. An analysis of the entries of the list of
3×3-minors of Mexp[E, (a)] obtained as output for all 3-element sets J gives many instances where
these 3×3 submatrices have two non-infinite terms that become ‘None’ entries on the corresponding
minor in Mtrue[E, (a)] both terms involve .
Furthermore, up to permutations of rows and columns, the associated minors in Mtrue[E, (a)]
have the form
(7.3)
 ∗ ∞ ∞∞ ∗ None
∗ ∗ None
 ,
where ∗ indicates an entry in R. This shape reveals the nature of these three coordinates on the
corresponding classical nodes in X. In particular, the third entries of the last two nodes involve
Cross functions whose associated tropical hyperplanes contain the cone (a).
The following lemma shows that, nonetheless, we can completely determine the valuation of
their ratio. Therefore, these two ‘None’ entries will not change the number of terms realizing the
minimum in the tropical permanent, showing that the 3×3-minor ofMtrue is tropically non-singular
and thus the quintuple of boundary points fails to be tropically collinear.
Lemma 7.3. Let E be a curve in the collection F from (7.2) and let N be the 5×45 matrix giving
the five classical nodes associated to the link of E in the Schla¨fli graph. Then, there exists a pair
of unordered 3-element sets J in {0, . . . , 4} and J ′ in {0, . . . , 44} satisfying three conditions:
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Algorithm 3: Finding tropically non-singular 3× 3-minors involving unknown valuations.
Input: A 3-element set J ⊂ {0, . . . , 5}, a symbol E in s, a 5× 45 matrix N giving the five
classical nodes associated to the link of E in the Schla¨fli graph, a list S of 3-element
sets in {0, . . . , 44} encoding all tropically non-singular 3× 3-minors in Mexp[E, σ] for a
fixed cone σ in the Naruki fan N , and a list I of row indices giving a Z-basis of the
row space of the Yoshida matrix
Assumptions: X is a smooth del Pezzo cubic with no Eckardt points, embedding in P44
via Theorem 3.8. The valuation of its 40 Yoshida functions is a point in the relative interior
of σ. The output of Algorithm 2 for E and J is the list S (=NonSingMinors.)
Output: The empty list or a pair consisting of: (1) an element J ′ in S giving the three
columns of a tropically non-singular minor with rows J for (Mexp[E, σ],Mtrue[E, σ]),
and (2) the expression of the third power of the ratio of the two relevant entries with
unknown valuations in N as a Laurent monomial in the Yoshidas indexed by I.
for J ′ in S do
Sexp(J, J
′)← 3× 3-submatrix of Mexp[E, σ] with rows J and columns J
′;
if Sexp(J, J
′) is tropically non-singular then
Strue(J, J
′)← 3× 3-submatrix of Mtrue[E, σ] with rows J and columns J
′;
for (τ1, τ2) ∈ S3 ×S3 do
(Nnew, Snewtrue)← ((τ1, τ2)·N, (τ1, τ2)·Strue(J, J
′));
if Snewtrue has the entries-pattern of (7.3) (where ∗ indicates a real number) then
(A,B)← product of all Cross factors in each (Nnew[2, 3], Nnew [3, 3]), converted
into a rational function in d1, . . . , d6 ;
if (A/B)3 is a monomial in the Yoshida functions indexed by I then
return (J ′, (A/B)3).
return [ ].
(i) the submatrix of Mexp[E, (a)] with rows J and columns J
′ is tropically non-singular,
(ii) the submatrix of Mtrue[E, (a)] with rows J and columns J
′ has the shape (7.3),
(iii) the expression (N [J [2],J
′[3]]
N [J [3],J ′[3]])
3 is a Laurent monomial in the Yoshida functions.
Proof. The discussion preceeding the statement shows why it is conceivable to find a pair (J, J ′)
satisfying (i) and (ii). It gives rise to Algorithm 3, which enables us to prove (iii) by explicit
computations. A direct factorization of the expression in (iii) is not possible since the Yoshida
functions are not algebraically independent. Thus, we are forced to express all relevant functions
in terms of the parameters d1, . . . , d6.
From the shape (7.3) we deduce that N [J [2], J ′[3]] and N [J [3], J ′[3]] are the only entries in the
submatrix of N with rows J and columns J ′ with undetermined valuations. This means that both
entries contain Cross functions in their factorization whose valuations cannot be determined along
the cone (a). We let A (respectively B) be the product of all the Cross factors in N [J [2], J ′[3]]
(resp. N [J [3], J ′[3]].) A simple calculation shows that the ratio A/B is a Laurent monomial in the
36 positive roots of E6 listed in Table A.1.
By Remark 4.1 we know that the exponent vectors of the 40 Yoshida functions span a rank 16
sublattice of Z36 of index 3. A basis of this lattice is provided by the Yoshida functions indexed by
the set I = {5} ∪ {17, . . . , 31} (see the Supplementary material.) In particular, even though the
ratio A/B need not be a Laurent monomial in the Yoshida functions indexed by I, its cube will be.
We certify this last step as follows. We factor (A/B)3 as a Laurent monomial in the positive roots
of E6 and let v be its exponent vector in Z
36. We solve the linear system of equations M tx = vt,
where M is the 16 × 36-submatrix of the Yoshida matrix (seen in Table A.2) with rows in I. If
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it exists, its unique solution will lie in Z16 and it will be the exponent vector giving the desired
factorization of (A/B)3. Thus, the cubed ratio in (iii) has the same desired property.
For each choice of J and E, we run our Python implementation of Algorithm 3 (available in the
Supplementary material.) As the input set S we use the output NonSingMinors from Algorithm 2
obtained from the input J and E. Table 7.1 shows the choice of rows J for each symbol E in F
from (7.2) where Algorithm 2 failed to give the desired non-singular minor in Mtrue without ‘None’
entries but Algorithm 3 succeeded in providing a minor satisfying conditions (i) through (iii). 
Curve Rows Columns Minor Shape (A/B)3 as a Laurent monomial in the Yoshidas
E3 [0, 1, 2] [8, 9, 24]
 ∗ ∞ ∞∞ ∗ None
∗ ∗ None
 -1
E4 [0, 1, 2] [8, 9, 13]
 ∗ ∞ None∞ ∗ ∞
∗ ∗ None
 Y5 Y22 Y226 Y30/(Y218 Y20 Y21 Y27)
E5 [0, 1, 2] [7, 32, 33]
 ∗ None ∞∞ ∞ ∗
∗ None ∗
 (−1)Y317 Y218 Y20 Y26 Y27 Y230/(Y5 Y319 Y221 Y22 Y329)
E6 [0, 1, 2] [7, 8, 12]
∞ ∗ ∞∗ ∞ None
∗ ∗ None
 1
F12 [0, 2, 4] [17, 26, 44]
None ∞ ∗∞ ∗ ∞
None ∗ ∗
 -1
F34 [0, 2, 4] [5, 7, 23]
 ∗ ∞ ∞∞ ∗ None
∗ ∗ None
 1
F35 [0, 1, 2] [6, 15, 23]
 ∗ ∗ None∞ ∗ ∞
∗ ∞ None
 Y25 Y21 Y325 Y26 Y27 Y329/(Y18 Y220 Y22 Y324 Y328 Y30)
F36 [0, 1, 2] [6, 9, 19]
 ∗ ∞ ∞∞ ∗ None
∗ ∗ None
 -1
F45 [0, 1, 2] [7, 10, 12]
 ∗ ∗ None∗ ∞ ∞
∞ ∗ None
 Y5 Y18 Y226 Y331/(Y20 Y21 Y222 Y27 Y230)
F46 [0, 1, 2] [8, 9, 13]
 ∗ ∞ None∞ ∗ ∞
∗ ∗ None
 Y18 Y220 Y22 Y324 Y328 Y30/(Y25 Y21 Y325 Y26 Y27 Y329)
F56 [0, 1, 2] [8, 9, 13]
 ∗ ∞ None∞ ∗ ∞
∗ ∗ None
 Y25 Y20 Y222 Y26 Y328 Y331/(Y317 Y18 Y221 Y325 Y227 Y30)
G3 [0, 2, 4] [30, 35, 44]
None ∞ ∗∞ ∗ ∞
None ∗ ∗
 1
G4 [0, 3, 4] [20, 32, 38]
 ∗ None ∞∞ ∞ ∗
∗ None ∗
 (−1)Y18 Y220 Y22 Y30/(Y25 Y21 Y26 Y27)
G5 [0, 2, 4] [32, 34, 42]
None ∗ ∗∞ ∗ ∞
None ∗ ∗
 1
G6 [0, 1, 3] [11, 32, 42]
 ∗ None ∞∞ ∞ ∗
∗ None ∗
 1
Table 7.1. Ruling out the remaining 15 potential interior tropical lines for tropical
surfaces with associated Naruki cone (a) that are not covered by Table 8.1. The
entries A and B are products of all Cross factors in the coordinates of two classical
nodes responsible for the ‘None’ entries in the minor of Mtrue (from top to bottom.)
The proof of Theorem 1.1 is now complete.
Cone Rows E1 E2 E3 E4 E5 E6 F12 F13 F14 F15 F16 F23 F24 F25 F26 F34 F35 F36 F45 F46 F56
(aa2a3a4) 012 0,1,2 0,2,12 0,1,2 0,1,4 0,1,4 0,1,15 0,8,36 0,2,5 0,1,6 0,1,5 0,1,5 0,1,2 0,1,2 0,1,3 0,1,2 0,2,12 0,1,2 0,1,3 0,1,7 0,2,3 0,2,3
(aa2a3b) 012 0,2,9 0,2,18 1,2,7 0,1,7 0,1,7 0,2,7 0,2,7 0,5,11 0,1,6 0,5,10 0,1,7 0,1,2 0,1,2 0,1,2 0,1,10 0,2,18 0,1,2 0,1,2 0,1,7 0,2,4 0,2,4
(aa2a3) 012 0,2,12 0,2,18 1,2,5 0,1,7 0,1,7 0,1,15 0,8,36 0,5,11 0,1,6 0,5,10 0,1,7 0,1,2 0,1,2 0,1,3 0,1,2 0,2,18 0,1,2 0,1,4 0,1,7 0,2,4 0,2,4
(aa2a4) 012 0,1,2 0,2,12 0,2,4 0,1,4 0,1,4 0,1,15 0,8,36 0,2,5 0,1,6 0,1,5 0,1,5 0,1,2 0,1,2 0,1,3 0,1,2 0,2,12 0,1,2 0,1,3 0,1,7 0,2,3 0,2,3
(aa3a4) 012 0,1,2 0,2,12 0,1,2 0,1,4 0,1,4 0,1,15 0,8,36 0,2,5 0,1,6 0,1,5 0,1,5 0,1,2 0,1,2 0,1,3 0,1,2 0,2,12 0,1,2 0,1,3 0,1,20 0,2,3 0,2,3
(a2a3a4) 012 0,2,9 0,2,12 0,2,4 0,2,4 0,2,4 0,2,12 0,8,36 0,2,5 0,2,8 0,2,5 0,2,5 0,2,3 0,2,4 0,2,3 0,2,5 0,2,12 0,2,5 0,2,3 0,2,7 0,2,3 0,2,3
(aa2b) 012 0,2,13 0,2,23 1,3,7 0,2,8 0,2,7 0,2,7 0,2,7 0,5,11 0,1,6 0,5,10 0,1,7 0,1,2 0,1,2 0,1,2 0,1,10 0,2,25 0,1,2 0,1,2 0,1,7 0,2,7 0,2,8
(aa3b) 012 0,2,9 0,2,18 1,2,7 0,1,7 0,1,7 0,2,7 0,2,7 0,5,11 0,1,6 0,5,10 0,1,7 0,1,2 0,1,2 0,1,2 0,1,10 0,2,18 0,1,2 0,1,2 0,1,33 0,2,4 0,2,4
(a2a3b) 012 0,2,9 0,2,18 2,3,7 0,2,4 0,2,4 0,2,7 0,2,7 0,5,12 0,2,8 0,5,10 0,2,7 0,2,7 0,2,4 0,2,7 0,2,4 0,2,18 0,2,3 0,2,10 0,2,7 0,2,4 0,2,4
(aa2) 012 1,8,13 0,2,23 1,3,5 0,6,8 0,6,7 0,6,7 2,18,33 0,5,11 0,1,6 0,5,10 0,1,7 0,1,2 0,1,2 0,1,3 0,1,2 0,2,25 0,1,2 0,1,4 0,1,7 0,2,7 0,3,8
(aa3) 012 0,2,12 0,2,18 1,2,5 0,1,7 0,1,7 0,2,13 0,8,36 0,5,11 0,1,6 0,5,10 0,1,7 0,1,2 0,1,2 0,1,3 0,1,2 0,2,18 0,1,2 0,1,4 0,1,33 0,2,4 0,2,4
(aa4) 012 0,2,9 0,2,12 0,2,4 0,2,4 0,2,4 0,2,15 0,8,36 0,2,5 0,2,8 0,2,5 0,2,5 0,2,3 0,2,4 0,2,3 0,2,7 0,2,12 0,2,5 0,2,3 0,2,7 0,2,3 0,2,3
(a2a3) 012 0,2,12 0,2,19 2,3,5 0,2,4 0,2,4 0,2,13 0,8,36 0,5,14 0,2,8 0,5,10 0,2,7 0,2,7 0,2,10 0,2,7 0,2,7 0,2,18 0,2,5 0,2,16 0,2,7 0,2,4 0,2,4
(a2a4) 012 0,2,9 0,2,12 0,2,4 0,2,4 0,2,4 0,2,12 0,8,36 0,2,5 0,2,8 0,2,5 0,2,5 0,2,3 0,2,4 0,2,3 0,2,5 0,2,12 0,2,5 0,2,3 0,2,7 0,2,3 0,2,3
(a3a4) 012 0,2,9 0,2,12 0,2,4 0,2,4 0,2,4 0,2,12 0,8,36 0,2,5 0,2,8 0,2,5 0,2,5 0,2,3 0,2,4 0,2,3 0,2,5 0,2,12 0,2,5 0,2,3 0,2,7 0,2,3 0,2,3
(ab) 012 0,2,20 — 1,3,12 1,2,8 1,2,7 1,2,7 0,2,7 0,5,11 0,5,16 0,5,11 0,5,10 0,1,2 0,1,2 0,2,7 0,1,10 — 0,1,2 0,1,3 0,1,37 0,2,7 0,2,8
013 2,3,20 0,2,3
(a2b) 012 0,2,13 0,2,23 2,3,7 0,2,8 0,2,7 0,2,7 0,2,7 0,5,12 0,2,8 0,5,10 0,2,7 0,2,7 0,2,10 0,2,7 0,2,4 0,2,25 0,2,3 0,2,10 0,2,7 0,2,7 0,2,8
(a3b) 012 0,2,9 0,2,18 2,3,7 0,2,4 0,2,4 0,2,7 0,2,7 0,5,12 0,2,8 0,5,10 0,2,7 0,2,7 0,2,4 0,2,9 0,2,4 0,2,18 0,2,3 0,2,10 0,2,7 0,2,4 0,2,4
(a) 012 2,8,20 — — — — — — 0,5,11 0,5,16 0,5,11 0,5,10 0,1,10 0,1,6 0,2,7 0,1,10 — — — — — —
013 3,4,20 — — — — — — — — — — —
rest — — — — — — — — — — —
(a2) 012 2,8,13 0,2,33 2,3,5 0,8,13 0,7,12 0,7,13 2,18,36 0,5,14 0,3,8 0,5,10 0,2,7 0,2,7 0,2,10 0,2,7 0,2,7 0,2,25 0,2,15 0,2,26 0,2,7 0,2,7 0,3,8
(a3) 012 0,2,12 0,2,19 2,3,7 0,2,4 0,2,4 0,2,13 0,8,36 0,5,14 0,2,8 0,5,10 0,2,7 0,2,7 0,2,10 0,3,9 0,2,7 0,2,18 0,2,5 0,2,16 0,2,7 0,2,4 0,2,4
(a4) 012 0,2,9 0,2,12 0,2,4 0,2,4 0,2,4 0,2,15 0,8,36 0,2,5 0,2,8 0,2,5 0,2,5 0,2,3 0,2,4 0,2,3 0,2,7 0,2,12 0,2,5 0,2,3 0,2,7 0,2,3 0,2,3
(b) 012 2,8,21 — — 2,7,8 2,7,8 3,7,8 2,4,7 2,4,7 — 2,15,16 — 2,3,7 — 2,15,16 — — 2,15,16 — 2,3,8 2,7,8 2,7,8
013 2,3,20 2,3,20 2,16,21 2,8,15 2,3,15 2,3,16 2,3,15 2,3,16
Cone Rows G1 G2 G3 G4 G5 G6
(aa2a3a4) 012 0,1,2 0,2,7 0,2,5 0,2,5 0,1,5 0,2,5
(aa2a3b) 012 0,1,2 0,2,7 0,5,7 0,2,5 0,5,10 0,1,5
(aa2a3) 012 0,1,2 0,2,7 0,5,7 0,2,5 0,12,14 0,2,5
(aa2a4) 012 0,1,2 0,2,7 0,5,20 0,2,5 0,1,5 0,2,5
(aa3a4) 012 0,1,2 0,2,7 0,2,5 0,2,5 0,1,5 0,2,5
(a2a3a4) 012 0,2,7 0,2,7 0,2,5 0,2,5 0,2,5 0,2,5
(aa2b) 012 0,1,2 0,2,7 0,5,7 0,2,5 0,5,10 0,1,5
(aa3b) 012 0,1,2 0,2,7 0,5,7 0,2,5 0,5,10 0,1,5
(a2a3b) 012 0,10,12 0,2,7 0,5,7 0,2,5 0,5,10 0,2,5
(aa2) 012 0,1,2 0,2,7 0,5,21 0,2,5 0,12,14 0,2,5
(aa3) 012 0,1,2 0,2,7 0,5,7 0,2,5 0,12,14 0,2,5
(aa4) 012 0,2,7 0,2,7 0,5,20 0,2,5 0,2,5 0,2,5
(a2a3) 012 0,10,22 0,2,7 0,5,7 0,2,5 0,12,14 0,2,5
(a2a4) 012 0,2,7 0,2,7 0,5,20 0,2,5 0,2,5 0,2,5
(a3a4) 012 0,2,7 0,2,7 0,2,5 0,2,5 0,2,5 0,2,5
(ab) 012 0,1,2 0,2,7 1,2,7 1,2,6 1,5,7 0,1,7
(a2b) 012 0,10,12 0,2,7 0,5,7 0,2,5 0,5,10 0,2,5
(a3b) 012 0,10,12 0,2,7 0,5,7 0,2,5 0,5,10 0,2,5
(a) 012 0,1,11 0,2,7 — — — —
013 — — — —
rest — — — —
(a2) 012 0,10,12 0,2,7 0,5,21 0,2,5 0,12,14 0,10,36
(a3) 012 0,11,12 0,2,7 0,5,7 0,2,5 0,12,14 0,2,5
(a4) 012 0,2,7 0,2,7 0,5,20 0,2,5 0,2,5 0,2,5
(b) 012 2,3,7 2,4,7 2,4,7 — 7,12,17 —
013 3,8,20 2,7,20
Table 8.1. Ruling out all 27 potential non-
boundary tropical lines for all non-apex cones in the
Naruki fan. Each entry gives the three columns of
a tropically non-singular 3 × 3-minor of the pair of
matrices (Mexp[E, σ],Mtrue[E, σ]) in the family Fσ
from (7.1) for each cone σ.
An absence of a triple for an extremal ray is indicated
by ‘—’ and it should be interpreted as Algorithm 2
failing to find a non-singular minor with the pre-
scribed rows. Whenever a choice of three rows does
not rule out all extremal curves, we move on to the
next 3-element set of rows (in the lexicographic or-
der) and only check the remaining extremal curves.
All 27 extremal curves are covered by a suitable choice
of rows with the exception of the cell (a), for which
the method only rules out 12 potential lines. The
remaining 15 cases are treated in Table 7.1.
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8. Finding Cross function representatives for Eckardt triangles
The need to employ ratios of matrix entries in Lemma 7.3 to rule out extra tropical lines on
the (a) cone is rooted in the redundancy of Cross functions for tropicalization purposes. Indeed,
by Remark 2.12 each Eckardt quintic is associated to a triple of Cross functions. Proposition 8.1
shows that the valuation of the ratio of any two of them is a linear function on the valuations of
all 40 Yoshida functions. Thus, the valuation of all 135 Cross functions can be explicitly computed
from the Naruki fan and the valuation of suitable 45 Cross functions, each associated to a distinct
Eckardt quintic. Our aim in this section is to find these 45 representative Cross functions. This
choice will be crucial to determine the metric structure on the 27 boundary trees on T(XL) and
prove Theorem 1.3.
Following Remark 2.11, we let t be the collection of symbols encoding the 45 anticanonical
triangles on X. The same set is used to index the 45 Eckardt quintics.
Proposition 8.1. For each symbol in t, consider the triple {Crossi1 ,Crossi2 ,Crossi3} of Cross
functions associated to the corresponding Eckardt quintic. Then, the ratios (Crossij /Crossik)
3 can
be expressed as Laurent monomials in Yoshidas functions. In particular, their valuations are linear
function on the Naruki fan.
Proof. Since the action of W(E6) is transitive on all 135 Cross functions, it suffices to prove the result
for the triple associated to a single Eckardt quintic. We choose that of Example 2.6, corresponding
to the symbol y152346 in t. In the notation of Table A.3, the triple becomes {Cross30,Cross31,Cross32}.
As in the proof of Lemma 7.3, we know that the exponent vectors of the 16 Yoshida functions
{Y5,Y17, . . . ,Y31} span the index-three sublattice of Z
36 associated to the rows of the Yoshida
matrix. A direct computation available in the Supplementary material reveals that
(8.1)
(Cross31
Cross30
)3
=
Y617 Y
2
18 Y
4
21 Y
3
23 Y
3
25 Y26 Y27 Y
5
30
Y5 Y319 Y
2
20 Y
7
22 Y
3
24 Y
6
28 Y
3
31
and
(Cross32
Cross30
)3
=
Y317 Y18 Y
2
21 Y
2
27 Y
4
30
Y25 Y20 Y
2
22 Y26 Y
3
28 Y
3
31
.
In the remainder of this section we explain how to choose the 45 representing Cross functions,
one per triple. Our criteria is based on the difference between the expected and actual valuations
of Cross functions on the baricenter of each of the 24 orbit representatives of Naruki cones. Precise
formulas for the expected valuation of a given Cross function in the relative interior of each cone
were provided in Remark 4.5. The valuation of a given Crossi, will only be undertermined when
each of the four expressions Crossi = ±(Yk − Yj) arising from Remark 2.7 has val(Yk) = val(Yj).
Proposition 8.1 can be used to give a better formula for the expected valuation of all 135
Cross functions based on a single representing member of each triple of Cross functions. Our next
objective is to determine whether these new expected valuations are achieved generically by finding
suitable d1, . . . , d6 in K in the fibers of the Yoshida map.
Before doing this, we fix some standard notation. We let Γ := val(K∗) be the value group of K.
Our assumptions on the valued field K ensure that Γ is divisible and dense in R. Furthermore, the
valuation admits a splitting γ 7→ tγ , where we set t0 := 1. After appropriate rescaling if necessary,
we may assume 1 ∈ Γ, and thus Q ⊂ Γ.
Given a smooth cubic surface X over K with no Eckardt points, we let Y be the point in P39K
recording the value of the 40 Yoshida functions on X. We set p := trop(Y) ∈ N . The following
definition will be relevant:
Definition 8.2. If the point p lies in the relative interior of an (aa2a3a4) cone in the Naruki fan,
we say T X ⊂ T44 is an (aa2a3a4) surface. We define (aa2a3b) surfaces analogously.
The next two lemmas provide uniform formulas to produce parameters d1, . . . , d6 on the cones
(aa2a3a4) and (aa2a3b) from (4.4) and all their faces. Both choices match on their overlap. In what
follows, we let r1, r2, r3, r4 be the scalars used to write points in the first cone, and r1, r2, r3, r
′
4 be
those used for the second cone. For each I ⊂ {1, . . . , 3} we let rI :=
∑
i∈I ri.
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Lemma 8.3. The following choice of parameters d1, . . . , d6 ∈ K
∗ produces an (aa2a3a4) tropical
cubic surfaces in TP44 associated to scalars r1, . . . , r4 ∈ Γ≥0:
d1 = (−u2 t
r123+2 r4 + u1 t
r23+2 r4 − u3)/3,
d2 = (2u2 t
r123+2 r4 + u1 t
r23+2 r4 − u3)/3,
d3 = (−u2 t
r123+2 r4 + u1 t
r23+2 r4 + 2u3)/3,
d4 = (u4 + u5 t
r3) + d1,
d5 = (u4 + u6 t
r3 + u7 t
2 r123+2 r4) + d1,
d6 = u8 t
r4 + d1,
where u1, . . . , u8 ∈ K
∗ satisfy val(ui) = 0 for all i and the residue classes are generic with respect
to the linear conditions (8.2). If r1, . . . , r4 > 0, these reduce to val(u5 − u6) = val(u4 − u3) =
val(2u4 − u3) = 0.
Lemma 8.4. The following choice of parameters d1, . . . , d6 ∈ K
∗ produces an (aa2a3b) tropical
cubic surfaces in TP44 associated to scalars r1, . . . , r
′
4 ∈ Γ≥0:
d1 = (−u2 t
r123+r′4 + u1 t
r23 − u3 t
r′
4)/3,
d2 = (2u2 t
r123+r′4 + u1 t
r23 − u3 t
r′4)/3,
d3 = (−u2 t
r123+r′4 + u1 t
r23 + 2u3t
r′
4)/3,
d4 = (u4 + u5 t
r3) + d1,
d5 = (u4 + u6 t
r3 + u7 t
2 r123+2r′4) + d1,
d6 = u8 + d1,
where u1, . . . , u8 ∈ K
∗ have val(ui) = 0 for all i and are generic relative to the constraints in (8.2)
and (8.3). If r1, . . . , r
′
4 > 0, we require val(u5−u6)=val(u8−u4)=val(u8+u4)=val(2u4+u8)=0.
Proof of Lemma 8.3. It suffices to show that our choice of parameters yields positive roots in W(E6)
with valuations given by the point v := r1va + r2va2 + r3va3 + r4va4 ∈ R
36
≥0, where va, . . . , va4 are
as in Remark 4.3. If all scalars are positive, v has precisely seven non-zero coordinates, i.e., those
associated to the roots d2 − d1, d5 − d4, d6 − d2, d6 − d1, d1 + d2 + d3 and d2 + d3 + d6. The
remaining 29 roots must have valuation 0. A direct computation on the expected initial forms of
all roots shows that their valuations are given by v if and only if the three Z-linear expessions in
the statement have valuation 0.
Allowing some of the scalars ri to vanish yields a precise genericity condition. Namely, each of
the following 58 linear expressions in the ui’s must have valuation zero:
(8.2)
u5−u6, u4+u5, u4+u6, u3−u2, u4−u3, u8−u2, u8−u3, u8−u4, u8+u1, u4+u8,
2u4−u3, u8+u1−u2, u4+u6+u7, u4+u5−u2, u4+u6+u7−u2, u4−u3+u5,
u4−u3+u6, u4+u6+u8, u4+u5−u8, u4+u6−u8, u4+u5+u8, u4+u8−u3, u5−u6−u7,
u1+u4+u5, 2u4+u5+u6, u1+u4+u6, u1+u8−u3, u4+u6+u7−u8, 2u4+u8−u3,
u4+u6+u7−u3, u4+u5+u1−u3, u4+u6+u1−u3, u4+u8+u5−u3, u4+u8+u6−u3,
u1+u4+u5+u8, 2u4+u5+u6−u3, u4+u5+u1−u2, u4+u6+u1+u7, u4+u8+u6+u1,
u1+u4+u6+u7−u2, u4+u6+u1+u7−u3, u4+u8+u5+u1−u3, 2u4+u1+u5+u6−u3,
u4+u5+u8+u1−u2, u4+u8+u6+u1−u3, 2u4+u5+u6+u1, u1+u4+u6+u7+u8−u2,
2u4+u5+u6+u1+u7−u3−u2, u4+u8+u5+u1−u2−u3, 2u4+u5+u6+u8−u3,
u4+u8+u6+u1+u7−u2−u3, 2u4+u5+u6+u1+u7−u3, u1+u4+u6+u7+u8−u3,
2u4+u5+u6+u7+u1−u2, 2u4+u5+u6+u8+u1−u3, 2u4+2u1+u5+u6+u8−u3,
2u4+u5+u6+u8+u1+u7−u2−u3, 2u4+2u1+u5+u6+u8+u7−u2−u3. 
Proof of Lemma 8.4. The proof follows the same strategy as for Lemma 8.3. When all scalars are
positive, we have exactly five roots with non-zero valuation: d2−d1, d3−d1, d3−d2, d5−d4, d1+d2+
d3. In addition to the 58 linear expressions in (8.2) having valuation zero, the genericity conditions
require four additional linear expressions to have valuation zero, namely:
(8.3) 2u4 + u5 + u6 + u8, 2u4 + u1 + u5 + u6 + u8, 2u4 + u8, 2u1 + 2u4 + u5 + u6 + u8.
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Remark 8.5. For K = C{{t}} the genericity condition for both maximal cone representatives will
be satisfied for u1 = 6, u2 = 3, u3 = −9, u4 = 11, u5 = 1, u6 = u8 = −57, and u7 = 57.
Our next result says that with only one exception, each triple of Cross functions has a mem-
ber whose expected valuation is achieved generically for all 23 non-apex cone representatives of
N . Proposition 10.8 provides a conceptual explanation behind our failed search for the triple
{Cross15,Cross16,Cross17} associated to the symbol x53 in t.
Proposition 8.6. Each triple of Cross functions associated to any anticanonical triangle other
than x53 contains a member whose expected valuation is achieved generically along the 23 non-apex
Naruki cone representatives. The collection of 44 representatives equals
R0 :={Cross3i : i ∈ {0, . . . , 45}r{5, 9, 12, 13, 24, 25, 32, 36}}∪{Crossk : k = 28, 37, 41, 73, 76, 97, 110}.
Proof. The result follows from Lemmas 8.3 and 8.4. Indeed, given a cone σ among the 23 non-apex
representatives we pick generic parameters d1, . . . , d6 ∈ K associated to its baricenter (i.e., where
ri = 0 or 1 depending on the nature of σ) using either (8.2) or (8.3). In turn, we evaluate each
of the 135 Cross functions expressed in the di’s and compute their valuations, comparing them
to the expected ones. Gaps arise for only 20 such functions. We record these functions and the
Naruki cone representatives where discrepancies arise, and find a member on each of the 44 triples
exhibiting no gaps. They are listed in R0. The only exception is the triple corresponding to the
symbol x53, namely {Cross15,Cross16,Cross17}. The explicit computations for K = C{{t}} are
available in the Supplementary material. 
Setting aside the special triple of Cross functions, the difference between the expected and
generic valuations for the remaining Cross functions outside R0 is rooted in the formulas from
Proposition 8.1. Their expected valuations should not be computed from (4.5), but rather as the
sum the expected valuation of is representative in R0 and a prescribed linear function on N with
coefficients in 13Z arising from (8.1) after acting on it by W(E6). For example, consider
(8.4)
Cross336
Cross337
=
Y617 Y
4
18 Y
2
26 Y
2
27 Y
4
30
Y25 Y
3
19 Y20 Y21 Y
2
22 Y
3
28 Y
3
29 Y
3
31
.
On σ = (aa2a3a4) we have exp. val(Cross36) = val(Y38) and exp. val(Cross37) = val(Y34). Since
Cross37 lies in R0, its expected valuation is achieved generically. However, a direct computation
reveals that 3(val(Y38)− val(Y34)) is strictly less than the valuation of the right-hand side of (8.4)
on σ◦. This means that the expected valuation of Cross36 is never achieved on σ
◦ and we should
always replace any appearance of val(Cross36) by the sum of val(Cross37) and the linear function
on N defined by the exponent vector on (8.4), scaled by 1/3. The precise formulas are available in
the Supplementary material. This viewpoint will play a crucial role in Sections 9 and 10.
Remark 8.7. Our construction does not lead to a preferred choice among {Cross15,Cross16,Cross17}.
We make an arbitrary decision and set our 45 representing Cross functions as
(8.5) R := R0 ∪ {Cross15},
where R0 is as in Proposition 8.6. By construction, each function in R corresponds to a unique
anticanonical triangle indexed by a symbol in t. These 45 functions will allow us to distinguish
between stable and unstable tropical cubic surfaces. We return to this subtle point in Section 13.
We use the set R to construct a point qR ∈ R45/R·1 as follows. Each anticanonical triangle t ∈ t
correspons to a unique Cross function in R, which we label Crosst. We set
(8.6) qR
t
= − val(Crosst) for each T ∈ t.
This point will play a prominent role in the construction of all boundary trees on stable tropical
cubic surfaces (see Lemma 10.4.)
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9. Extra tropical lines on tropical cubic del Pezzos for the apex of the fan N
Section 6 describes the combinatorics of tropical lines on anticanonical cubic surfaces T X meeting
the interior of TP44. In particular, Theorem 6.1 shows that any such line has five boundary points,
realized as the tropicalization of the five nodes in the link of a vertex of the Schla¨fli graph. When
the point recording the valuation of all 40 Yoshida functions lies outside the apex of the Naruki
fan, these potential extra tropical lines are ruled out by a simple convexity argument. In this
section we discuss the apex point, where the methods from Section 7 fail. Knowledge about the
valuations of the 45 Cross functions from the set R in (8.5) will allow us to bypass this issue and
prove Theorem 1.2.
Throughout this section we fix a cubic surface X ⊂ P44 whose associated Yoshida functions in P39
have the same valuation. Without loss of generality, we assume it to be zero. Since by Lemma 6.8
the coordinates of all 135 classical nodes are Laurent monomials in Yoshida and Cross functions,
this assumuption will greatly simplify the computations in this section. Indeed, the coordinates of
all 135 tropical nodes will be linear in the valuations of all functions in R.
Following Remark 2.11, we use the collection s of 27 symbols associated to the exceptional curves
on X to index all potential extra tropical lines. Our first result determines when the five boundary
points of a potential line T ℓE for E in s are tropically collinear.
The quintuple of boundary points of each potential line T ℓE (for E in s) gives five disjoint sets
B1, . . . , B5 associated to the nine ∞ coordinates of each boundary point. These sets determine all
five rays eB1 , . . . , eB5 in the recession fan of T ℓE .
The following is the first main result of this section. It gives a precise statement for the first half
of Theorem 1.2.
Theorem 9.1. Given a symbol E in s, consider the tuple of five nodes in TX obtained from the
edges in the link of E in the Scha¨fli graph. We let {Crossi1 , . . . ,Crossi5} be the set of all Cross
functions in R associated to the five anticanonical triangles in t containing E. Then, the five points
are tropically collinear in TP44 if and only if the five functions Crossij for j = 1, . . . , 5 listed above
have equal valuation. If so, the unique tropical line through them is a star tree with five leaves.
Proof. Since W(E6) acts transitively on both s and the Schla¨fli graph, it suffices to prove the result
for s = E1. Following Table A.3, the five Cross functions from the statement become Cross9,
Cross33, Cross42, Cross78 and Cross111. Their associated anticanonical triangles are x12, x16, x14,
x13 and x15, respectively. Notice that these are also the triangles in t containing E1.
By Theorem 6.1, the five boundary points in the potential tropical line T ℓE1 are the tropicaliza-
tion of the nodes F1j ∩Gj for j = 2, . . . , 6. By Corollary 3.13, each of these nodes has exacly nine
∞ coordinates. We record them by the sets Bj = {Xij : i 6= j} ∪ {Y1jklmn : k, l,m, n} (j = 2, . . . , 6)
which partition the set of 45 symbols T .
The computations in the Supplementary material reveal that up to translation by the point
qR ∈ R45/R·1 from (8.6), and rearranging columns, the five tropical nodes listed above correspond
to the rows of the matrix
M:=

val(Cross42) val(Cross42) ∞ val(Cross42) val(Cross42) ∞ 0 0 0 0
val(Cross78) ∞ val(Cross78) val(Cross78) val(Cross78) 0 ∞ 0
...
...
∞ val(Cross9) val(Cross9) val(Cross9) val(Cross9)
... 0 ∞ 0
...
val(Cross33) val(Cross33) val(Cross33) val(Cross33) ∞
...
... 0 ∞ 0
val(Cross111) val(Cross111) val(Cross111) ∞ val(Cross111) 0 0 0 0 ∞
 ,
where each entry to the right of the vertical divide encodes a 1 × 8 block matrix. The first five
column of M correspond to the anticanonical triangles x12, . . . , x16.
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By Proposition 5.3, the five rows of M are tropically collinear if and only if all its 3× 3 minors
are tropically collinear. In particular, the following four minors val(Cross42) ∞ 0val(Cross78) 0 ∞
∞ 0 0
 and
 val(Cross42) ∞ 0∞ 0 0
val(Crossi) 0 ∞
 for i = 9, 33, 111.
arising by combining the first or second column of M with a pair of suitable 0/∞-columns from
the right hand side of M must be tropically singular. This will be the case if and only if
val(Cross9) = val(Cross33) = val(Cross42) = val(Cross78) = val(Cross111).
Conversely, if these equalities hold, the matrixM can be shifted to a matrix with rows eB2 , . . . , eB6 .
Therefore, the tropical line T ℓE1 is a translation of a fan with rays eBj for j = 2, . . . , 6. 
It is important to stress out that the proof of Theorem 9.1 only determines the collinearity of the
five boundary points of T ℓE . It does not address the question of whether T ℓE lies in T X. Indeed,
unless TX is a stable tropical cubic surface, there is no guarantee that T ℓE ⊂ T X. We conclude:
Corollary 9.2. Any tropical cubic surface X with Yoshida functions associated to the apex of N
contains at most 27 extra tropical lines in its interior, all of which are star trees with five rays each.
This bound is attained for the unique stable surface T X corresponding to the apex of N .
Proof. Assume the quintuple points associated to a given symbol E in s are tropically collinear.
The proof of Theorem 9.1 shows that up to translation, these boundary points are vectors with
nine ∞ coordinates each. All other entries are 0. As we will see in Section 13, if all 45 elements in
R have valuation 0, TX becomes the unique stable tropical cubic surface associated to the apex of
N . Then, T X is the cone over the Schla¨fli graph and T ℓE ⊂ TX. The bound is attained. 
Remark 9.3. It is worth pointing out that the five Cross functions associated to a symbol E in s
play a key role in the metric structure of the boundary tree T E (see Figure 6.) Furthermore, the
40 finite coordinates of the central vertex of T E match those in the unique vertex of T ℓE. The
remaining five coordinates of this central vertex equal 0. This observation is consistent with the
expected combinatorial structure of unstable tropical cubic surfaces and would help us determine
whether T ℓE lies in T X or not. We postpone providing an answer to this question for future work.
We end this section by turning to the question of lifting combinations of cycles supported on
non-boundary tropical line in TX to effective curves in X ⊂ P44, thus addressing the second half
of Theorem 1.2. Our next two results discuss two particular instances: a tropical cycle supported
on a single extra tropical line, or a combination of two such lines. The monomial map (13.3) will
yield the same answer for tropicalizations of X induced by Cox embeddings (see Theorem 3.2.)
Theorem 9.4. Assume that the tropical line T ℓE associated to a symbol E in s exists and lies in
the interior of T X. Then, no tropical cycle supported on T ℓE lifts to an effective curve on X.
Proof. The group W(E6) acts transitively on all 27 symbols in s and the quintuple of Cross functions
determining T ℓE. Thus, it suffices to show this result for a particular choice of E, e.g. E1. The
leaves and rays of T ℓE1 are provided in the proof of Theorem 9.1.
A tropical cycle supported on T ℓE1 has an integer multiplicity on each ray and it satisfies the
balancing condition at the origin: the five primitive vectors for each ray scaled by their multiplicity
should add up to a multiple of the all-ones vector. The disjoint support property the the five rays
forces these multiplicities to agree. Thus, we write the cylce as m · T ℓE1 for some integer m. Note
that the tropical cycle will be effective whenever m ≥ 1. We claim any such cycle (effective or not)
cannot be lifted to an effective curve C on X. We argue by contradiction.
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By construction, all boundary points on the curve C tropicalize to one of the five boundary points
on T ℓE1 . In particular, C contains five boundary points p2, . . . , p6. Lemmas 3.14 and 3.15 imply
that pj = F1j ∩Gj for each j. Furthermore, the intersections on the tropical side yield
(9.1) C ∩G1 = ∅ , C ∩ Ek = ∅ for all k 6= 1 and C ∩ Fik = ∅ for all 1 < i < k.
Since the 27 exceptional curves E1, . . . , G6 generate the effective cone, we write the class of C as
[C] =
∑
i
ai[Ei] +
∑
i<j
bij [Fij ] +
∑
i
ci[Gi] for some ai, bij , ci ≥ 0.
Conditions (9.1) translate to the following system of 16 linear equations:
0 = [C] · [G1] =
∑
i 6=1
ai +
∑
j>1
b1j − c1,
0 = [C] · [Ek] = −ak +
∑
i<k
bik +
∑
i>k
bki +
∑
i 6=k
ci for k > 1,
0 = [C] · [Fik] = ai + ak − bik +
∑
{p,q}∩{i,k}=∅
bpq + ci + ck for 1 < i < k.
A simple calculation with Sage, available in the Supplementary Material, confirms that the system
has rank 6 but has no solutions in the positive orthant other than the trivial one. Therefore, no
multiple of the tropical line T ℓE1 lifts to an effective curve in X as we wanted to show. 
Theorem 9.5. No pair T ℓE ∪ T ℓE′ of extra tropical lines on T X associated to symbols E,E
′ ∈ s
lifts to a conic on X.
Proof. By Be´zout’s Theorem, every conic curve C on X is residual: the P2 containing it is the span
of three non-collinear points on C. By design, each boundary point of T ℓE lifts to a unique point
in the surface X, namely one of the five nodes associated to the link of E in the Schla¨fli graph.
Without loss of generality, we assume E = E1. We claim the five classical nodes in the link of E1
are not coplanar. Instead, they span the same P3 as X. To prove this, we construct a 4×45 matrix
using the nodes F1i∩Gi for i = 2, 4, 5, 6 and show that the 4×4 minor with columns labeled by the
anticanonical triangles y152436, y152634, y162435 and y162534 in t is the following Laurent monomial in
Yoshida and Cross functions
2 Cross35 Y0 Y
4
5 Y
2
7 Y9 Y11 Y
2
15
Cross39 Cross40 Cross41 Cross54 Cross55 Cross56 Cross61 Cross71 Y23 Y4 Y10 Y12 Y
2
13 Y17
.
Since X is smooth without Eckardt points and it spans a P3, the minor is non-singular and therefore
the matrix has rank four. 
Remark 9.6. It is worth noticing that the previous result cannot be proven purely by tropical
means. After translations, the 10× 45 tropical matrices obtained from the ten boundary points of
T ℓE ∪ T ℓE′ involve the valuations of the five Cross functions associated to E and E
′. These sets
overlap if E and E′ intersect in X. In that case, in order to lift the union of these two tropical lines
to a conic in X, these nine Cross functions must have equal valuation. Similarly, if E and E′ do
not intersect, the two sets of Cross functions do not overlap, and a 4× 4-minor computation forces
all ten relevant Cross functions to have valuation zero if this minor were to be tropically singular.
In both situations, all 4×4-minors become tropically singular and the 10×45 matrix admits one
non-singular 3×3-minor (see Supplementary material.) Thus, the matrix has tropical rank exactly
three. Since the Kapranov rank (i.e. one plus the projective dimension of the smallest tropical
linear space containing all ten boundary points) may exceed the tropical rank [12, Theorem 1.4],
we cannot conclude that T ℓE ∪ T ℓE′ spans a 3-dimensional tropical linear space in TP
44.
The proof of Theorem 1.2 follows by combining Theorems 9.1, 9.4 and 9.6.
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10. Boundary trees on anticanonical stable tropical cubic surfaces
The boundary of a smooth anticanonical tropical cubic surface in TP44 with no Eckardt points is
an arrangement of 27 metric trees meeting along 135 leaves. As will be discussed in Theorem 12.1,
this arrangement and its metric determines the combinatorics of the tropical surface. Each tree is
labeled by its classical counterpart and has ten leaves, one for every other line meeting the label.
In this section we discuss the combinatorics and metric structure on these trees and prove the
last third of Theorem 1.3. More precisely, we show that the lengths of the edges of each tree are
piecewise linear functions on the Naruki fan. Our main contribution is Table 10.1, which contains
the leaf labeling and formulas for all edge lengths on the two W(E6)-orbit representatives of all
maximal Naruki cones. Continuity determines the data for all lower-dimensional cones. The first
two parts of Theorem 1.3 are addressed in Section 12.
Throughout, we let X be a smooth cubic surface over K without Eckardt points. We let Y ∈ P39K
encode its associated Yoshida functions and fix p := trop(Y) ∈ N . We aim to determine the
boundary trees on T X and their metric structure in terms of p. Our choice of 24 representatives
of cones in N is given by the cones (aa2a3a4) and (aa2a3b) from (4.4) together with their faces.
Following the notation from Table 10.1, we let r1, . . . , r4 (respectively, r
′
4) be the non-negative
scalars (with values in Γ) associated to the point p whenever it lies in the first (respectively,
second) cone. As in Lemma 8.3, we let rI :=
∑
i∈I ri for each I ⊂ {1, . . . , 4}.
10.1. Boundary trees for top-dimensional cells. Recall from Definition 8.2, that there are
two types of tropical cubic surfaces associated to maximal cells in N . Our first result discusses the
combinatorics and boundary metric structure in these two fundamental cases.
Theorem 10.1. There are two combinatorial types of boundary metric trees on an (aa2a3a4) surface
and three combinatorial types on an (aa2a3b) surface, as seen in Figures 4 and 5. They come in
many symmetry classes. The leaf labeling for each tree is completely determined by its behavior on
two W(E6)-orbit representatives of maximal cones in the Naruki fan (see Table 10.1.)
The proof of this statement is computational in nature. Algorithm 1 plays a central role. All
required scripts, input and output files are available in the Supplementary material. The remainder
of this section describe the steps involved in the process. Rather than restricting our attention to
the maximal cells, we describe the general procedure to treat all 24 cone representatives at once.
The outcome for lower-dimensional cones is discussed in Subsection 10.2.
As a starting point, we provide the framework for carrying out all tropical convex hull computa-
tions. In order to use Algorithm 1 we must determine the ten leaves of each boundary tree in TP44
and choose a suitable projection to TP9 to see each of them as a generic tropical line.
To achieve the first task, we turn to Lemma 3.15. Each of the 135 leaves on our collection of 27
boundary trees on TX is the tropicalization of a unique classical node on the surface X. Explicit
formulas for 135 classical nodes on X involving Laurent monomials in the 40 Yoshidas and the 135
Cross functions were given in Lemma 6.8. We use Proposition 8.1 to write the tropicalization of
these monomials as linear functions in the valuations of all Yoshidas but only the 45 relevant Cross
functions from the set R given in (8.5).
The main obstacle to construct the 135 tropical nodes was faced already in Section 7. Indeed,
depending on the nature of p, we might not be able to determine all 45 coordinates of each tropical
node. Note that the point p in TP39 will only prescribe the expected valuations of the 45 Cross
functions from R, as seen in Remark 4.5. Their actual valuations will depend on the values of
the Yoshida functions encoded in Y. In particular, they can vary among the different surfaces X
associated to p ∈ N . Theorem 12.3 will show that this does not happen if p lies in the relative
interior of a maximal cone of N .
Remark 10.2. As we saw in Proposition 8.6, the triple of Cross functions associated to x53 exhibit
positive gaps between the expected an true valuations on certain cones in N even subject to
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Figure 4. The two combinatorial types of trees for the Naruki cone (aa2a3a4).
The four edge lengths and the labeling of all ten leaves are provided in Table 10.1.
The type (I) metric tree comes in (4,4,4,4,4,4) symmetry classes, whereas the type
(II) one has (1,1,1) symmetry classes.
Figure 5. The three combinatorial types of trees for the Naruki cone (aa2a3b).
The four edge lengths and the labeling of all ten leaves are given in Table 10.1. The
type (I) metric tree comes in (2,2,2,2,2,2) symmetry classes, the type (II) has (4,4,4)
symmetry classes, whereas the type (III) has (1,1,1) symmetry classes.
genericity conditions. This suggests that the formula proposed in (4.5) for the expected valuations
on this triple is too na¨ıve and needs to be adjusted when considering these troubling cones. The
correct formula emerges by tropical convexity considerations (see Proposition 10.8.)
By construction, each boundary tree is indexed by some exceptional curve E in the set s
from Remark 2.11. Our next task is to determine the appropriate projection
(10.1) πE : TP
44
99K TP9
that turns T E into a generic tree in TP9. Lemma 5.6 allows us to recover T E ⊂ TP44 from this
generic tree and the ten leaves in TP44, independently of the chosen projection.
By Corollary 3.13, T E lies in the boundary strata with values ∞ along the five coordinates
indexed by anticanonical triangles in t containing E. Furthermore, the remaning 40 are partititioned
into ten blocks of four coordinates each. Each block will give the ∞ coordinates on a fixed leaf of
T E. If the leaf is indexed by a symbol E′ in s, these four coordinates are precisely the anticanonical
triangles in t containing E′ but not E. The map πE from (10.1) is determined by choosing the
lexicographically minimal coordinate on each of the ten blocks. By construction, the 10×10 matrix
recording the leaves of T E has ∞-valued entries only along its diagonal.
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Example 10.3. When E = E1, the exceptional curves meeting E are given by the set
L := {G3, G6, F16, F12, F13, G4, F15, G5, G2, F14}.
This induces the choice of (ordered) coordinates for πE
(10.2) {x23, x26, x61, x21, x31, x24, x51, x25, x32, x41}.
The set L will determine how to label a given leaf: simply choose the exceptional curve in L
associated to the unique ∞-coordinate on the leaf in TP9. ⋄
To avoid dealing with undefined entries on the tropical nodes, we express each entry of the 10×10
matrix of leaves for each boundary tree as a linear function of the valuation of the 40 Yoshidas and
the 45 relevant Cross valuations. The following result will allow us to read off this information in a
way that is best suited for determining the variation of a fixed boundary tree as we move along N .
Lemma 10.4. Each 10×10 matrix recording the ten leaves of the tropical line T E in TP9 associated
to a symbol in s can be decomposed as a usual sum of three matrices M s, MCr and MY, where:
(i) M s is a 10 × 10 matrix obtained by multiplying the column vector 1 of size 10 × 1 by the
projection of the row vector qR from (8.6) to TP9. We refer to it as the shifting matrix.
(ii) MCr is a symmetric matrix with only ten non-zero entries. Each pair of symmetric entries is
associated to the valuation of a Cross function in R indexed by one of the five anticanonical
triangles containing E. For each triangle t, the rows involving Crosst are indexed by the two
additional exceptional curves belonging to t. We call MCr the matrix of Cross components.
(iii) MY is a matrix with ∞ entries on its diagonal. The rest of the entries are linear functions
in the valuations of all 40 Yoshida functions. We call it the matrix of Yoshida components.
Proof. To take advantage of the W(E6)-action, we work with the 10×45 matrix M of leaves of T E
in TP44. We claim that M admits a decomposition as M s +MCr +MY where each summand has
the analogous properties as their 10× 10 counterparts (ignoring the symmetry property for MCr.)
If so, the projection πE applied to each of the matrices will yield the result for the 10× 10 matrix.
Our prior discussion in this section shows that each finite entry of M is a linear function of the
valuations of Y and the Cross functions in R. We let MY be the matrix collecting the ∞-entries in
M (nine per row) and the summands on each of the remaning entries involving Yoshida valuations.
To finish, we must decompose M ′ := M −MY as M s +MCr. It suffices to do so for a single E.
We define M s as the multiplication of the column vector 1 with 45 rows by the row vector qR
from (8.6). Explicit computations available in the Supplementary material shows that MCr :=
M ′ −M s is a sparse matrix with 40 non-zero entries. Each of its rows is indexed by a symbol E′
in s meeting E. We let t be the unique anticanonical triangle in t containing both E and E′. We
let E′′ be the third exceptional curve in t. The four anticanonical triangles in t containing E′′ but
not E will index the columns in MCr with non-zero values along the row indexed by E′. Moreover,
the value on these four entries is val(Crosst).
For example, when E = E1 and E
′ = G3, it follows that t = x13, Crosst = Cross78, E
′′ = F13
and the four triangles in t are x31, y132456, y132546 and y132645. A direct computation verifies the
validing of the statement for the remaining four pairs of lines meeting E1. After projection to TP
9,
the matrix MCr becomes symmetric. This concludes our proof. 
Example 10.5. We describe the data from Lemma 10.4 for E = E1. The coordinates of TP
9 and
the associated set L of exceptional curves is the one from Example 10.3.
First, the matrixM s is determined by the row vector q = −(val(Crossi))i∈I ∈ TP
9, where I is the
ordered set I = {105, 63, 45, 114, 0, 21, 24, 93, 84, 18}. This ordering agrees with the assignment of
Cross functions to the set of anticanonical triangles in (10.2). Second, the matrix MCr involves the
five functions Crossi for i = 9, 33, 42, 78, 111 associated to the ordered set of anticanonical triangles
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{x12, x16, x14, x13, x15} containing E1. The labeling of the coordinates in TP
9 and the set L imply
the following assignment for each symmetric pair of coordinates on MCr:
MCr1,5 =M
Cr
5,1 = val(Cross78),
MCr2,3 =M
Cr
3,2 = val(Cross33),
MCr4,9 =M
Cr
9,4 = val(Cross9),
MCr6,10 =M
Cr
10,6 = val(Cross42),
MCr7,8 =M
Cr
8,7 = val(Cross111).
The first pair corresponds to the curves G3 and F13 mentioned in the proof of Lemma 10.4. ⋄
Proof of Theorem 10.1. The proof is computational. In what follows we describe the main steps
required to determine the input data for Algorithm 1 for each E ∈ s when p is in the relative interior
of a maximal cone σ from (4.4). The choice of coordinates for TP9 is fixed by the projection πE
from (10.1). The output will be the tree T E ⊂ TP9 recorded as a list of pairs. Each pair records a
vertex in TP9 and the primitive direction of its adjacent edge pointing towards the trees’ center.
The computation of tropical convex hulls commutes with translations. Thus, rather than working
with the 10×10 matrixM of leaves for each tropical line T E, we replace it with the sumMCr+MY
of matrices from Lemma 10.4. By Theorem 12.3 we know that when restricted to the relative
interior of σ, the valuations of all Cross functions in R agree with their expected values. By (4.5),
the latter equals the valuation of a suitable Yoshida function. We conclude that on σ◦, each finite
entry of MCr +MY is a linear function on σ. Therefore, we can express it as a Q-linear function
in the scalars r1, . . . , r4, and r
′
4. We view each non-diagonal entry in the field Q(r1, . . . , r4, r
′
4).
We use the above matrix as the input for Algorithm 1 (our implementation allows values in any
field.) The output confirms the leaf labelling and combinatorial types of each tree obtained by
combining Table 10.1 with Figures 4 and 5. The metric formulas follow from Lemma 5.9. They
are responsible for the symmetric classes discussed in the statement. 
Next, we illustrate one instance of Theorem 10.1 building on Example 10.5. In the next subsec-
tion, we analyze the behavior of the metric trees for lower dimensional cones.
Example 10.6. We fix E = E1 and σ = (aa2a3a4). We write down the 10 × 10 matrix of shifted
leaves of T E1 associated to the baricenter p of σ. We let J be the ordered set labeling its columns.
[MCr +MY ]|p :=
x23 x26 x61 x21 x31 x24 x51 x25 x32 x41

∞ 15 14 15 12 14 9 14 14 9
12 ∞ 7 12 5 10 2 10 7 2
15 11 ∞ 11 9 10 9 10 15 9
15 15 10 ∞ 8 13 5 13 10 5
19 15 15 15 ∞ 14 10 14 15 10
4 3 −1 3 −3 ∞ −6 4 −1 −6
8 4 7 4 2 3 ∞ 3 7 4
12 11 7 11 5 12 2 ∞ 7 2
18 14 18 14 12 13 12 13 ∞ 12
6 2 5 2 0 1 2 1 5 ∞
.
The set J completely determines the labeling on the rows. From top to bottom, we see the leaves
associated to L from Example 10.3. This data gives pairs ([i], rowi) for i = 0, . . . , 9. The rest of the
tree T E1 is recorded by the coordinates of all vertices together with lists I encoding the direction
−
∑
i∈I ei of the inward edge adjacent to each vertex.
([1, 3], [12, 12, 7, 12, 5, 10, 2, 10, 7, 2]),
([5, 7], [4, 3,−1, 3,−3, 4,−6, 4,−1,−6]),
([1, 3, 5, 7], [12, 11, 7, 11, 5, 10, 2, 10, 7, 2]),
([0, 1, 3, 5, 7], [19, 15, 14, 15, 12, 14, 9, 14, 14, 9]),
([2, 8], [15, 11, 15, 11, 9, 10, 9, 10, 15, 9]),
([6, 9], [8, 4, 7, 4, 2, 3, 4, 3, 7, 4]),
([2, 6, 8, 9], [15, 11, 14, 11, 9, 10, 9, 10, 14, 9]),
([2, 4, 6, 8, 9], [19, 15, 15, 15, 13, 14, 10, 14, 15, 10]).
This data yields the type (I) tree from Figure 4, with the labeling given by L and ri = 1 for all i. ⋄
Curve 0 1 2 3 4 5 6 7 8 9 (aa2a3a4) u s w l (aa2a3b) u s w l
E1 F12 G6 G5 G4 G3 F13 F14 F15 F16 G2 (I) r34 r4 r234 r1 (II) r3 r
′
4 r23 r1
E2 F12 G6 G5 G4 G3 F23 F24 F25 F26 G1 (I) — — — — (II) — — — —
F13 G1 F26 F25 F24 E1 G3 F56 F46 F45 E3 (I) — — — — (II) — — — —
F23 E3 F45 F56 F46 G3 E2 F15 F14 F16 G2 (I) — — — — (II) — — — —
E3 F23 F13 G5 G4 G6 F36 F34 F35 G1 G2 (I) r34 r1234 r4 r23 (I) r3 r123 r
′
4 r23
F12 E1 E2 F46 F56 F45 F36 F34 F35 G1 G2 (I) — — — — (I) — — — —
F45 E5 E4 F26 F16 F36 F12 F23 F13 G5 G4 (I) r1234 r34 r4 r23 (I) r123 r3 r
′
4 r23
G6 E5 E4 F26 F16 F36 E3 E1 E2 F46 F56 (I) — — — — (I) — — — —
E4 F46 G5 F24 F14 F34 G3 G1 G2 F45 G6 (I) r1234 r234 r4 r3 (I) r123 r23 r
′
4 r3
E5 F56 G4 F25 F15 F35 G3 G1 G2 F45 G6 (I) — — — — (I) — — — —
F34 F25 F15 F56 G4 E4 G3 E3 F12 F26 F16 (I) r234 r1234 r4 r3 (I) r23 r123 r
′
4 r3
F35 F24 F14 F46 G5 E5 G3 E3 F12 F26 F16 (I) — — — — (I) — — — —
F14 F35 E4 F56 G4 F36 F25 E1 F23 G1 F26 (I) r234 r4 r34 r12 (II) r23 r
′
4 r3 r12
F15 F34 E5 F46 G5 F36 F24 E1 F23 G1 F26 (I) — — — — (II) — — — —
F24 F35 E4 F56 G4 F36 F15 E2 F13 G2 F16 (I) — — — — (II) — — — —
F25 F34 E5 F46 G5 F36 F14 E2 F13 G2 F16 (I) — — — — (II) — — — —
F16 F35 F34 F45 G6 E6 G1 E1 F23 F25 F24 (I) r234 r34 r4 r123 (I) r23 r3 r
′
4 r123
F26 F35 F34 F45 G6 E6 G2 E2 F13 F15 F14 (I) — — — — (I) — — — —
G1 E3 F12 E5 E4 E6 F16 F14 F15 E2 F13 (I) r34 r234 r4 r123 (I) r3 r23 r
′
4 r123
G2 E3 F12 E5 E4 E6 F26 F24 F25 E1 F23 (I) — — — — (I) — — — —
F46 E4 F35 F25 F15 E6 G4 F23 F13 F12 G6 (I) r1234 r4 r34 r2 (II) r123 r
′
4 r3 r2
F56 E5 F34 F24 F14 E6 G5 F23 F13 F12 G6 (I) — — — — (II) — — — —
G4 E5 F34 F24 F14 E6 F46 E1 E2 E3 F45 (I) — — — — (II) — — — —
G5 E4 F35 F25 F15 E6 F56 E1 E2 E3 F45 (I) — — — — (II) — — — —
E6 F46 G5 F36 F26 F16 G1 G2 G3 F56 G4 (II) r123 r2 r4 r34 (III) r123 r2 r
′
4 r3
F36 F25 F15 E6 F45 G6 E3 F12 G3 F24 F14 (II) r23 r12 r4 r34 (III) r23 r12 r
′
4 r3
G3 F23 F13 E6 E5 E4 F34 F35 F36 E1 E2 (II) r3 r1 r4 r234 (III) r3 r1 r
′
4 r23
Table 10.1. Labeling, combinatorial type and metric structure of all 27 trees for adjacent orbit-representatives of the
two maximal Naruki cones (aa2a3a4) and (aa2a3b), and their faces. The edge lengths are sums of subsets of the scalars
r1, r2, r3, r4 and r1, r2, r3, r
′
4, where r1 is the scalar for the ray a, r2, r3 and r4 are the scalar for the rays a2, a3 and a4,
and r′4 is the scalar for the ray b. For example, r34 := r3 + r4 and r234 := r2 + r3 + r4. This table together with Figures 4
and 5 describe all 27 metric trees on each cone. The action of W(E6) recovers the arrangements on the remaining cones.
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The proof of Theorem 10.1 has the following important consequence:
Corollary 10.7. The metric structure on each tree of TX is linear when restricted to the relative
interior of each maximal Naruki cone.
The analogous statement for tropicalizations of cubic surfaces induced by Cox embeddings can be
found in [28, Remark 3.5].
10.2. Boundary trees for lower dimensional cones. The difficulty in extending the proof
method of Theorem 10.1 to lower-dimensional cones in N relies on our ability to determine the
value of the Cross component matrices MCr on these cones. For stable tropical cubics this step
requires the knowledge of the generic expected valuations of the 45 relevant Cross functions on
them, as we discussed in Section 8. Determining formulas for these expected valuation on the
whole Naruki fan is a subtle task. As we show later in this section, cancellations are guaranteed to
occur in many cases, thus forcing a jump in the valuation. Besides certifying the remaining cases
of Theorem 1.3, a second main result in this subsection is the characterization of the expected
valuations of all Cross functions on the 24 orbit representatives of Naruki cones.
By Propositions 8.1 and 8.6, it is enough to determine the expected valuation of a single Cross
function associated to x53. Following Remark 8.7 we choose Cross15. Our next result describes its
expected valuations on the faces of the two cones from (4.4).
Proposition 10.8. The na¨ıve value val(Y32) for the expected valuation of Cross15 is never achieved
along the relative interior of the Naruki cone representatives ( aa2a4), (aa4), (a2a4) and (a4). The
correct expected value along these four open cones is provided by val(Y32) + ε, where
(10.3) ε =
1
3
val
(Y5 Y18 Y319 Y220 Y422 Y324 Y628 Y331
Y317 Y
4
21 Y
3
23 Y
6
25 Y26 Y
4
27 Y
2
30
)
.
The new value is realized generically along these four cones. It is only strictly larger than Y32 along
non-apex cones having one of the aforementioned cones as a face.
Proof. Formula (4.5) shows that the expected valuation of Cross15 on all cones in (4.4) is val(Y32).
Using Lemmas 8.3 and 8.4 we confirm that this expected valuation is achieved generically in the
relative interior of all 24 Naruki cone representatives except for the four cones listed in the state-
ment. We use tropical convexity to determine the correction factor in these four cases. To this
end, we compute the symbols E in s for which the matrix of Cross components MCr associated
to the leaves of T E features Cross15. Since this Cross function is associated to x53 in t, there are
precisely three cases to consider: E5, F35 and G3.
En each of these cases, other Cross functions with undetermined valuations can be found in the
matrix MCr. We replace each one of them by their expected valuation plus a parameter gi for
i = 0, . . . , 4, that accounts for the potential gaps. For E5 and G3, g0 = val(Cross15) − val(Y32),
whereas for F35, the gap becomes g1. Our goal is to determine positive lower bounds for g0 and g1.
For each cone σ in the list of four exceptions, we compute the 10×10 matrices of leaves for T E5,
T F35 and T G3 using the coordinate projection from (10.1). We specialize each sum M
Cr +MY
at the baricenter of σ and search for non-singular 3 × 3-tropical minors that would violate the
tropical collinearity criterion from Proposition 5.3. The list of all these minors is available in the
Supplementary material. The matrices for T E5 and T F35 yield a total of 40 problematic minors,
whereas T G3 has only 34. We are only interested in those minors that involve the gap gi for
val(Cross15). From each list, we pick one of these minors that has a particular shape. We use the
same rows and columns for each of the four matrices associated to the same exceptional curve. The
explicit matrices are shown in Table 10.2.
When viewing the corresponding minors in the original matrices MCr+MY on σ, these tropical
permanents only involve three finite terms. Each of them is a linear expression in the valuations
of all Yoshidas and the parameter gi := val(Cross15) − val(Y32). The coefficient of gi is always 1.
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Line Rows Cols (aa2a4) (aa4) (a2a4) (a4)
E5 [1, 3, 6] [0, 1, 3]
−2 ∞ −1−9 −9 ∞
−4 −4 g0−4
 −1 ∞ 0−6 −6 ∞
−2 −2 g0−2
 −2 ∞ −1−8 −8 ∞
−4 −4 g0−4
 −1 ∞ 0−5 −5 ∞
−2 −2 g0−2

F35 [2, 4, 5] [0, 2, 4]
−2 ∞ 02 3 ∞
−9 −8 g1−8
 −1 ∞ 11 2 ∞
−6 −5 g1−5
 −2 ∞ 01 2 ∞
−8 −7 g1−7
 −1 ∞ 10 1 ∞
−5 −4 g1−4

G3 [2, 3, 7] [0, 2, 3]
−6 ∞ −52 3 ∞
−4 −3 g0−4
 −4 ∞ −31 2 ∞
−2 −1 g0−2
 −5 ∞ −41 2 ∞
−4 −3 g0−4
 −3 ∞ −20 1 ∞
−2 −1 g0−2

Table 10.2. One minor for each combination of line and cone involving Cross15.
They become tropically singular when replacing gi with gi+1. From top to bot-
tom, the labeling triples for all rows and columns are ([G4, F35, G3], [x12, x14, x35]),
([F24, G3, E5], [x31, x24, x13]) and ([E4, F35, E5], [x12, x41, x35]), respectively.
We verify that the terms not featuring gi agree when restricted to σ. Since these minors must
be tropically singular for convexity reasons, we obtain a lower bound for gi that is linear in the
valuations of the Yoshida functions. Each row of the table gives a different bound, but they all
agree on each cone σ. This function is precisely the value of ε in (10.3).
A direct computation reveals that ε is strictly positive on all non-apex cones containing one of
the four cones from the statement as a face. In all other cases, ε vanishes. We verify that ε has
value one on each of the four baricenters, as we expected from the generic choice of parameters
from Lemma 8.3. A similar computation certifies the analogous result along the relative interior of
each of these four cones. We conclude that on these cones, the new expected valuation for Cross15
is val(Y32) + ε and it is achieved generically. 
The knowledge of more precise formulas for the expected valuations of each Cross function in
R allows us to define the appropriate genericity conditions on classical cubic surfaces required to
predict the boundary structure of their tropical counterparts in TP44.
Definition 10.9. Let X ⊂ P44 be a smooth cubic surface without Eckardt points. We say X is
generic with respect to the set R if the following conditions hold:
(i) the expected valuations of all 44 Cross functions forX lying on the setR0 from Proposition 8.6
are achieved; and
(ii) the expected valuation for Cross15 given by Proposition 10.8 is also attained for X.
Below is the main result in this section, restating the last claim in Theorem 1.3:
Theorem 10.10. Assume that the cubic surface X ⊂ P44 is generic with respect to the set R. The
leaf labeling and metric on each boundary tree of T X can be recovered from Table 10.1. Further-
more, the metric structure on the boundary trees of tropical cubic surfaces in TP44 is a continuous
piecewise linear function on the Naruki fan when restrcted to the above genericity constraints.
Proof. We follow the proof strategy from Theorem 10.1, and encode the leaves of each boundary
tree by MCr +MY . The genericity assumption allows us to write all entries of this 10× 10 matrix
as piecewise linear functions on the 40 Yoshida valuations, with domains of lineality given by the
relative interiors of all Naruki cones.
Working with the 24 cone representatives arising from (4.4) we rewrite each entry in terms of
the tuples of scalars (r1, . . . , r4) or (r1, . . . , r
′
4), depending on the nature of the cone containing p.
Algorithm 1 yields formulas for all vertices of each tree in terms of these scalars. They can be
found in the Supplementary material.
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By simple inspection we verify that the entries of all vertices of each tree are continuous piecewise
linear functions on the 24 cone representatives. The functions are linear along the relative interior
of each cone. Thus, the edge lengths are also continuous piecewise linear functions on N . Precise
formulas can be obtained by specilization of those in Table 10.1. The combinatorial type of each
tree is determined from the corresponding trees on the two maximal cones by contracting all edges
of length zero. This concludes our proof. 
Remark 10.11. It is worth pointing out that these genericity assumptions affect only 223 trees in
tropical surfaces associated to non-apex Naruki cones and all 27 trees for surfaces associated to
the apex of N . If we wish to obtain the combinatorial type and metric of each tree on T X for
non-generic cases, we can do so as follows. Rather than working with the expected valuations of
the five Cross functions appearing in MCr, we replace each val(Crossij ) with exp. val(Crossij ) + gj
for j = 0, . . . , 4, as we did in the proof of Proposition 10.8.
The parameters gj are all non-negative, and their values depend on the Yoshida functions asso-
ciated to X. In most situations (146 out of 250), the values of val(Y) force all but one parameter
gi to vanish. Only 32 trees will involve all five parameters g0, . . . , g4. We let gi1 , . . . , gis be the
potential non-vanishing parameters for a fixed E ∈ s.
Running our implementation of Algorithm 1 on the field Q(r1, . . . , r4, r
′
4, gi1 , . . . , gis) leads to
new combinatorial types for the tree T E, where the extra edges appearing have lengths gi1 , . . . , gis .
The results can be found in the Supplementary material. In particular, when the cone associated
to X is the apex, all 27 boundary tree aquire five bounded edges, as seen in Figure 6. These edges
will have length zero whenever X is generic with respect to R.
Figure 6. The boundary metric tree T E1 in T X. In the stable case, all bounded
edges have length zero and T E1 becomes a star tree with ten leaves.
11. Boundary tree arrangements from planar configurations
Section 10 discusses how to label the leaves of the 27 boundary metric trees on all anticanonical
stable tropical cubic surfaces in TP44. In this section we present an alternative way to determine
this data for (aa2a3a4) and (aa2a3b) tropical cubic surfaces when we input a configuration of six
tropically generic points in TP2. These methods can be derived from [28, Theorem 4.4].
We start by discussing a central property of the 27 boundary trees. By Lemma 3.12, each line
ℓ on a smooth cubic surface admits a 2-to-1 cover ℓ → P1. Such map induces an involution on ℓ.
The same holds for their tropicalization. The combinatorial structure of each tree T ℓ described
in Theorem 10.1 allows us the view the involution as a symmetry. Here is the precise statement:
Corollary 11.1. Each of the marked 27 trees on an anticanonical tropical cubic surface in TP44
has an involution. The correspondence is given by the vertical symmetry of each tree that identifies
the leaves on Table 10.1 labeled by i and 9− i, for i = 0, . . . , 4.
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Remark 11.2. The analogous result for the universal Cox embedding was established in [28, Propo-
sition 2.4]. This involution is closely related to the 2–to–1 cover ℓ → P1 from Lemma 3.12 which
we view over the field L̂. Indeed we represent P1 as a line ℓ′ on P4, where we fix the five projective
coordinates of P4 to be the products of pairs in s forming one of the five anticanonical triangles con-
taining ℓ. The line is then determined by the ten trinomials in the ideal over L̂ from Theorem 3.2
involving these five products. Tropicalization turns ℓ′ into a metric tree in TP4 with five leaves and
the cover becomes the map T ℓ→ T ℓ′. The fiber over each leaf on the target space consists of two
leaves labeled by the pair in s determining the unique ∞ coordinate on the target leaf. These two
symbols are exchanged by the involution.
Since the involution swaps pairs of lines meeting a fixed one, it seams feasible that such involution
could be achieved by an element of W(E6). The following statement provides a negative answer:
Proposition 11.3. The involutions on the 27 metric trees cannot be realized by elements of W(E6).
Proof. It suffices to show the statement for a single tree, say G1. We argue by contradiction. Con-
sider an element of W(E6) realizing the involution for the tree T G1. By construction, the involution
identifies Ej and F1j for j = 2, . . . , 6. A calculation with Sage available in the Supplementary ma-
terial confirms that an element of W(E6) fixing G1 can only satisfy four of these five constraints.
Furthermore, such element is unique. For example, if we verify the condition for j = 2, 3, 4, 5, this
unique element of W(E6) fixes G1, E6, F16 and identifies the remaining 24 symbols in s as follows:
E1 ↔ G6 ; F23 ↔ F45 , F24 ↔ F35 , F25 ↔ F34 ; Ej ↔ F1j and Gj ↔ Fj6 for j = 2, . . . , 5. 
Recall from Section 2 that smooth cubic del Pezzo surfaces are successive blow-ups of P2 along
six generic points p1, . . . , p6. After a Cremona transformation, we set p1, p2 and p3 to be the torus
fixed points (1 : 0 : 0), (0 : 1 : 0) and (0 : 0 : 1). Genericity forces the remaining three points p4,
p5 and p6 to lie in the dense torus. We set Pi := trop(pi) ∈ TP
2 for each i = 1, . . . , 6 and assume
this configuration of six distinct points in TP2 is tropically generic. That is, any two points lie in
a unique tropical line, any three are not tropically collinear, and any five lie in a unique tropical
conic which, furthermore, avoids the sixth point.
The choice of p1, p2 and p3 determines the Newton polytopes and tropicalization of the plane
curves associated to all Fij andGi, obtained by blowing down our six exceptional divisors E1, . . . , E6.
They are depicted in Figure 7. By abuse of notation we refer to these tropical lines and conics in
TP2 as Fij and Gi, respectively. By construction, Fij passes through Pi and Pj , and Gi avoids Pi.
Figure 7. Newton polytopes and tropical curves F1i, F2i, F3i, Gi and Fij (3 ≤ i < j ≤ 6).
.
The genericity conditions on P1, . . . , P6 ensure that the associated tropical cubic surface T X
in TP44 is either an (aa2a3a4) or an (aa2a3b) surface. By analogy we refer to the configurations
yielding each type as (aa2a3a4) or (aa2a3b) configurations, accordingly. Our goal is to determine the
type from location of P4, P5 and P6. By Theorem 10.1, we can distinguish the type by the number
of combinatorial types of boundary trees. Our next statement, closely related to the constructions
in [28, Section 5], shows that we can characterize all but three of all 27 trees from this data.
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Proposition 11.4. The metric trees associated to all 27 lines on X except E4, E5, E6 is completely
determined by the position of the six points P1, . . . , P6 whenever they are tropically generic.
Proof. Our prior discussion allows us to assume that P1, P2 and P3 are the tropicalization of the
three torus fixed points in P2. Up to S3 × S3-symmetry there are six cases to analyze, namely
E1, F13, F35, F45, G2 and G5. Each of the reference tropical plane curves is depicted with dashed
lines in Figure 8. Since the curves F12, F13, and F23 are in the boundary of TP
2, we draw them
in the boundary of our rectangles, between each of the three points representing E1, E2 and E3.
Similarly, to each of the exceptional curves E1, E2 and E3 we associate a horizontal, vertical or
diagonal dashed line passing through one of (−N : 0 : 0), (0,−N, 0) or (N : N : 0), respectively,
for N large enough. The dashed curve associated to E1 can be seen in the top-left of Figure 8.
Each metric tree T ℓ will be constructed from the input dashed tropical curve by analyzing its
intersection with the ten tropical plane curves associated to the symbols E in s meeting ℓ on
the cubic surface. Each pairwise intersection consists of either finitely many points counted with
multiplicity (by tropical Be´zout’s Theorem) or a combination of points and edges for non-proper
intersections. By abuse of notation we use ℓ and E to denote their associated planar tropical curves.
In what follows, we describe a strategy to mark the intersection points on each planar dashed
curve ℓ. First, if the intersection between E and ℓ is a single point (with multiplicity) in TP2, we
label the point by E. This happens, for example, for the dashed curve F35 and the curve F16 in the
bottom-left of Figure 8. Second, assume the curve E meets the dashed curve ℓ in exactly two points
(with multiplicity), and one of them is one of the marked points Pi for i = 4, 5, 6. In this situation,
we label the unmarked intersection point by E, and label the marked point Pi by Ei. This occurs,
for example with the dashed curve G5 and the curve associated to F56 in the bottom-right picture.
The intersections of the dashed curve ℓ with E1, E2 and E3 occur as the leaves of ℓ at the
end of a ray with direction (−1 : 0 : 0), (0 : −1 : 0) and (1 : 1 : 0), respectively. Similarly,
the intesection between ℓ and either F12, F13, or F23 are obtained as the endpoints of rays with
directions (−1 : −1 : 0), (0 : 1 : 0) or (1 : 0 : 0), respectively. This can be seen in the top- and
bottom-left pictures in Figure 8 corresponding to the dashed curves F45 and G5.
Note that it is possible to have the same intersection point between ℓ and more than one undashed
curve. If so, we label the point by all such curves. This is the case, for example, for the point in
the dashed curve F13 labeled by F25 and F56 in the middle-left picture. Finally, when a curve E
meets a dashed curve ℓ along an edge or two (as it occurs for the curve F25 and the dashed curve
G2 in the middle-right picture), we label the whole non-transverse intersection as E.
Whenever we see exactly ten intersection points, we label each of them by the unique symbol
in s corresponding to the containing tropical curve. Each point will be adjacent to a leg with a
labeled leaf and furthermore, T ℓ will become a caterpillar tree, i.e. a type (II) tree on Figure 5.
In particular, this ensures that we have an (aa2a3b) configuration. This occurs, for example, for
the tree T G1 and the planar configuration where P4 = (−10 : 10 : 0), P5 = (2 : 5 : 0) and
P6 = (0 : 0 : 0), seen in Figure 8.
In all remaining cases, we will have between six and nine labeled points and one or two labeled
edges. The number depends on the input planar point configuration. Each single-label E on a point
gives rise to a leg with leaf E on the tree T ℓ. Each multi-labeled point will give rise to a labeled
branch emanating from this point. To recover T ℓ and its labeling we must determine the topology
and labeling on all these branches. The metric structure on T ℓ will be obtained as a by-product.
By construction, it depends solely on the input planar configuration.
The involution of each metric tree described in Corollary 11.1 will allow us to determine the
missing information. The procedure to characterize branches can be illustrated with the top-left
picture in Figure 8. There is only one branch to compute, namely, that emanating from the five-
labeled vertex adjacent to F13. We start from the points labeled F12 and F16. By construction,
they are both adjacent to a common vertex in the final tree (i.e., they form a cherry.) Since the
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Figure 8. From left to right and top to bottom: the induced labelings for dashed
tropical plane curves build from E1, F45, F13, G2, F35 and G5 for the (aa2a3b)
configuration {(−10 : 10 : 0), (2 : 5 : 0), (0 : 0 : 0)} in TP2.
involution swaps this pair with G2 and G6, we know the branch must have a cherry with its two
leaves labeled by the later pair. Finally, since the points labeled G4, F15 and F13 will be swapped
with F14, G5 and G3 under the involution, we must attach three legs to the branch along its spine
(with leaves labeled in that order) and before the cherry computed earlier. We conclude that T E1
is a Type (II) tree on an (aa2a3b) cone.
Once all branches of a tree have been computed, we turn to the labeled edges. The involution
determines the unique location on the edge to place the legs corresponding to each symbol in the
edge-label. For example, in the middle-right of Figure 8, the leg corresponding to F25 in the dashed
curve G2 must be placed so that the distance between the markings E5 and E4 on the dashed curve
agrees with that of F25 and F24. This concludes our proof. 
The leaf labeling for the trees T E4, T E5 and T E6 which were not discussed in Proposition 11.4
can be recovered by combining the action of W(E6) with Cremona transformations of P
2. Alterna-
tively, we can simply consider the action this group on the leaf labels given by Table 10.1.
For example, consider the two configurations {(−12 : 6 : 0), (−7 : 4 : 0), (0 : 0 : 0)}, and
{(−10 : 10 : 0), (2 : 5 : 0), (0 : 0 : 0)} in TP2. The later can be seen in Figure 8. By Proposition 11.4
and Theorem 10.1, we can determine the nature of these configutations by recording how many
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types of trees appear among the 24 we can compute. A explicit computation allows us to determine
the first is an (aa2a3a4), whereas the second one is an (aa2a3b) configuration. We label each of the
24 trees on each case by the corresponding symbol in s and the tree type (either (I), (II) or (III).)
We write down five sets, each containing the symbols in s yielding a tree of each type:
(11.1)
LI := sr {E4, E5, E6, F35, G3}, L
′
I := {E2, E3, F14, F15, F23, F26, F36, G1, G4, G5},
LII := {F35, G3}, L
′
II := {E1, F12, F13, F16, F24, F25, F34, F46, F56, G2, G6}, L
′
III = LII .
The two sets for the (aa2a3a4)-configuration are indicated by LI , LII . The remaining three corre-
spond to the (aa2a3b) one.
To determine the three missing trees on each case and their labelings, we first find the elements of
the Weyl group W(E6) sending each of these five sets in (11.1) to the sets of symbols labelling each
tree type in Table 10.1. For our two sample configurations, there are 1152 and 96 such elements,
respectively. Second, we let these elements act on the 24 pairs (E, tree type) for each the planar
configuration and record those giving the labeling pairs in the table as outputs. This yields 16 and
eight elements for each case, respectively; as many as the size of the stabilizers of each maximal
cone in the Naruki fan.
The inverse of the any of these elements in W(E6) determines the labeling on the three missing
trees by acting on the three unaccounted trees from Table 10.1. The labeling and tree types will
be independent of the chosen Weyl group element. For example, if we pick the single element
determined by the 6 × 6 matrices σ0 and σ1 below (corresponding to the action on the simple
roots {α1, . . . , α6}) and we act on the triples of trees indexed by {E2, E6, F35} and {E3, G3, F15},
respectively, we obtain the labeling on T E4, T E5 and T E6:
σ0 :=

0 1 0 0 −1 1
0 0 0 1 −2 1
−1 1 0 1 −2 1
−1 1 0 1 −3 2
0 1 −1 1 −2 1
0 0 −1 1 −1 1
 and σ1 :=

0 −1 0 1 0 −1
−1 0 0 1 0 −1
−1 −1 0 1 1 −2
−1 −1 −1 2 1 −2
0 0 −1 1 1 −2
0 0 0 0 1 −1
 .
In particular, we conclude that T E4 has types (I) and (II) for each sample configurations, whereas
T E5 has types (II) and (III), respectively. Finally, T E6 is of type (I) in both cases. For further
details on the Python and Sage implementations, we refer to the Supplementary Material.
12. The moduli space of stable tropical cubic surfaces
Theorem 1.3 provides a modular interpretation of the Naruki fan in terms of stable tropical
surfaces. The goal of this section is to prove this statement. In particular, we provide a concrete
test to determine when a tropical cubic surface is stable.
We start by describing the general framework. We fix a K-value for the 40 Yoshida functions
Y = (Y0 : . . . : Y39) ∈ G
40
m/Gm where the Cross functions do not vanish, and let XY be the smooth
cubic surface associated to Y. Lemma 3.11 ensures that the defining ideal of XY in P
44
K is obtained
by specializing the generators of the ideal in Theorem 3.5 at the prescribed point Y. The tropical
variety TXY ⊂ TP44 is obtained from this ideal.
By construction, XY ⊂ P
44 is the compactification of the very affine variety X◦Y ∈ G
45
m/Gm obtain
by remove from XY its 27 exceptional curves. Furthermore, XY is normal and Q-factorial and the
boundary of XY in P
44 is divisorial with simple normal crossings due to the absence of Eckardt
points on XY . In this context, the theory of geometric tropicalization from [17, §2] provides a
way to construct T XY from the divisorial valuation determined by each line in the boundary of
XY evaluated on a Z-basis of the cocharacter lattice of G
45
m/Gm. For further details about this
construction, we refer to [21, Section 2] and [22, Chapter 6.5].
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The anticanonical embedding is ideally suited for this tropicalization method, since the infor-
mation regarding the 27 divisorial valuations for each XY can be recovered from the boundary of
T XY . We conclude:
Theorem 12.1. The tropical cubic surface T XY is determined by its boundary line arrangement.
Further details will appear on a subsequent paper. We remark that this result also holds for stable
tropical cubic surfaces when considering Cox embeddings (see [28, Lemma 3.3].) In that context,
the authors prove the statement by an explicit construction of tropical cubic surfaces via tropical
modifications of TP2, in the spirit of the techniques discussed in Section 11.
Our next objective is to explain the role of the Naruki fan as a tropical moduli space. Tropical-
izations of both Y and XY yield the point p = val(Y) in N and the tropical surface TXY :
(12.1)
G40m/Gm ∋ Y
trop

// XY ⊂ P
44
K
trop

N ∋ p
∃ ?
//❴❴❴❴❴❴❴❴❴ T XY ⊂ TP
44
It is natural to ask if we can define a dashed map sending p to T XY that makes the diagram (12.1)
commute. The following result provides an answer:
Proposition 12.2. The dashed arrow in (12.1) assigns to p the tropical surface T XY associated
to a generic point Y in the fiber over p. The genericity conditions are determined by the valuations
of the 45 relevant Cross functions in R and are always valid on the relative interior of the maximal
cones in N . In particular, the diagram commutes when restricted to the fibers of these open cones.
Proof. The result is a direct consequence of Theorem 12.1. As we saw in Section 10, the arrange-
ment of metric trees in the boundary of TXY is uniquely determined by the tropicalization of the
135 classical nodes of XY . In turn, these tropical nodes depend solely on p and the valuation of
the 45 relevant Cross functions in R. For a generic choice of Y in the fiber over p, the valuation
of all Cross functions agree with the expected ones. By combining Theorems 10.10 and 12.1 we
conclude that TXY is constant when restricted to generic points in the fiber over p. Theorem 12.3
shows that the expected valuation of each Cross function in R is always achieved along the relative
interior of any top-dimensional cell in N . 
Theorem 12.3. The expected valuations of all 45 relevant Cross functions agree with their actual
valuations along the relative interiors of all maximal cones in the Naruki fan.
Proof. By construction, each Cross function can be written in four different ways as a difference of
(signed) Yoshida functions. If no ties in the valuation are observed on a given expression Yi − Yj ,
the valuation on the Cross function is completely determined: it equals min{val(Yi), val(Yj)}.
A simple computation available in the Supplementary material certifies that on the representing
(aa2a3b) cone from (4.4), all Cross functions admit one expression with no valuation ties. However,
the situation is different on the sample cone (aa2a3a4). As we saw in Section 4 there are precisely
three Cross functions (Crossi for i = 36, 37, 38 in Table A.3) where ties are observed for all four
expressions. They correspond to the anticanonical triangle x36 in t. Thus, to verify the valuations
on these three Cross functions are the expected ones, it suffices to treat only one of them, e.g.
Cross37. This is the content of Lemma 12.4. 
Following the notation from Section 8, we fix a splitting γ 7→ tγ of the valuation of K. We define
the initial form of an element α in K as the residue class
init(α) = t−val(α)α in K˜.
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Lemma 12.4. The valuation of Cross37 equals val(Y34) on the relative interior of the (aa2a3a4)
cone from (4.4). In particular, its expected valuation is always attained.
Proof. Fix a point p in the relative interior of (aa2a3a4). Our goal is to show that the valuation
of the Eckardt quintic Q36 is independent on the choice of parameters d1, . . . , d6 as long as the
valuation of the induced Yoshida functions equal p.
The data provided by the three tables from Subsection A.1 give the identities
Q36 = −
Y34 + Y8
(d1 + d3 + d5)(d1 − d5)(d2 − d4)(d2 + d3 + d4)
=
Sum34+Sum8
(d5 − d1)
,
where Sum34 and Sum8 are products of six roots in Φ
+. More specifically,
Sum34 := (d6 − d1)(d5 − d3)(d1 + d2 + d6)(d1 + d4 + d6)(d2 + d4 + d5)(d3 + d5 + d6),
Sum8 := (d3 − d1)(d6 − d5)(d1 + d2 + d4)(d1 + d3 + d6)(d2 + d5 + d6)(d4 + d5 + d6).
In the notation of Table A.1, we rewrite these ordered products as
Sum34 = r24 r10 r17 r27 r26 r33 and Sum8 = r9 r5 r7 r23 r31 r34.
The result is a direct consequence of the following statement and our assumption that char K˜ 6= 2:
Claim 3. init(Sum34) = init(Sum8) in K˜ for all choices of d1, . . . , d6 yielding p ∈ (aa2a3a4)
◦.
The proof of this claim is tedious, yet elementary. Each choice of parameters d1, . . . , d6 yields a
point in the fiber over p of the tropical Yoshida map trop(m) from (4.3). By Proposition 4.6, the
roots associated to each such choice produce points in one of the 66 cones τ in the support of the
Bergman fan B constituting the preimage of the open cone (aa2a3a4)
◦.
Given a cone τ as above, we write all points in the fiber over p as a non-negative linear combina-
tion of the rays generating the closure of τ in R36/R·1. The scalars will be subject to constraints
analogous to those in (4.7). A direct computation will allow us find a bijection between the six
factors of Sum34 and those in Sum8 (dependent on τ) so that their initial forms agree up to sign.
This bijection will use the knowledge of the valuations of all 36 positive roots in Φ+ for each point
in τ arising from the set of scalars used to express this point. In the end, all negative signs cancel
out and we obtain the identity in Claim 3.
It is worth noticing that the bijection for a given cone will often work for others. This will be the
case when the positivity constraints on the scalars is valid for more that one cone. As a consequence
of this, the number of cases to consider reduces to 34. The Supplementary material contains the
explicit bijection for each case.
In what follows, we carry out the required computation to prove Claim 3 in one instance, which
involves the cones τ0 and τ1 from Remark 4.7. We set τ
′
i := τi∩trop(m)
−1((aa2a3a4)
◦). The closure
of both cones is spanned by seven rays. To lie in τ ′i , the scalars pi for i = 0, . . . , 6 are subject to
the linear constraints in (4.10). We identify a point p in τi with the vector of scalars (p0, . . . , p6).
Each p in τi allows us to express the valuation of all 36 positive roots in Φ
+ as linear functions
on the scalars pi. Table 12.1 records these values for all 12 roots appearing in the factorization of
Sum34 and Sum8, and four additional roots. Notice that the values depend on the the ambient
cone. As usual, we set pI :=
∑
i∈I pi for each I ⊂ {0, . . . , 6}.
The following five roots have nonzero valuations. The formulas on both τ ′0 and τ
′
1 agree:
(12.2)
val(r0) = p123, val(r1)=2 p0 + p2 + p3 + 3 p4 + p5 + 3 p6, val(r3)=val(r13)= p0456 and
val(r4) = 2 p0 + p3 + 3 p4 + p5 + p6.
The values in Table 12.1 allow us to construct a partial bijection between the first set of six roots
and the second one, by pairing identical columns that have one non-zero value. Indeed:
Claim 4. init(r10) = init(r3) = init(r7), init(r17) = init(r14) = init(r5) and init(r33) = init(r34).
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Roots r10 r17 r24 r26 r27 r33 r5 r7 r9 r23 r31 r34 r8 r14 r32 r35
τ0 p0456 p456 0 0 0 0 p456 p0456 0 0 0 0 p456 p456 0 0
τ1 p0456 0 0 0 0 p456 0 p0456 0 0 0 p456 0 0 p456 p456
Table 12.1. Valuation of all relevant roots in Φ+ for two of the cones in the fiber
of the tropical Yoshida map over the relative interior of (aa2a3a4) in terms of the
scalars p0, . . . , p6. The root numbers agree with those in Table A.1.
These identities follow from the strong non-Archimedean triangle inequality on K. We write:
r10 = r4 + r3, r7 = r1 + r3, r17 = r1 + r14, r5 = −r10 + r14, r33 = −r3 + r34.
By (12.2) and (4.10), we know that val(r10) = val(r3) < val(r4), thus val(r10) = val(r3) and
init(r10) = init(r3). Similarly, val(r7) = val(r3) < val(r1) implies init(r7) = init(r3). The second
identity follows from
val(r1) = val(−r10) = p0456 > val(r17) = val(r14) = val(r5).
Note that these expression on the right-hand side is different for τ ′0 and τ
′
1. Finally,
val(−r3) = p0456 > val(r33) = val(r34)
gives the last identity in Claim 4.
To complete the partial bijection between the roots from Sum34 and Sum8 we must identify the
remaining zero columns in Table 12.1. This will be a consequence of the following:
Claim 5. init(r24) = init(r9), init(r26) = − init(r23) and init(r27) = init(r6) = − init(r31).
To prove these identities we use the same methods as in Claim 4. In this case, we write:
(12.3) r24 = r14 + r9, r26 = −r23 + r35, r27 = r17 + r6 and r31 = −r6 + r34.
By (12.2) and (4.10), the valuation of r14, r35, r17 and r34 equal p0145 > 0, whereas the roots r24,
r9, r26, −r23, r27, r6 and r31 have valuation zero. These conditions and (12.3) prove Claim 5.
The bijection between the roots of Sum34 and Sum8 follows by combining Claims 4 and 5. 
Theorem 12.3 justifies our definition of stability for tropical cubic surfaces. It implies that N is
the moduli space of tropical stable cubic surfaces in TP44. Our next result provides an effective way
to determine this stability property: the surface XY must be generic in the sense of Definition 10.9.
Corollary 12.5. Anticanonical tropical cubic surfaces are stable whenever the valuation of all 135
Cross functions agree with the expected ones.
Remark 12.6. When considering those cubic surfaces XY where p ∈ N lies in the 24 cone represen-
tatives determined by (4.4) it suffices to check that the valuation of the 45 relevant Cross functions
in R agree with the expected ones. In particular, the only tropical stable cubic surface associated
to the apex of N is obtained by assuming K is trivially valued.
Remark 12.7. The proof of Lemma 12.4 provides a method for finding cubic surfaces with non-
stable tropical counterparts. Indeed, it is enough to find parameters d1, . . . , d6 giving a point in
the Bergman fan B lying on the fiber of p that force cancellations in the expected leading term of
a fixed binomial in the positive roots Φ+ of E6. The number of computations required to build
these parameters grows with the codimension of the smallest cone of N containing p so it will not
be very effective as we move deeper into the apex of this fan.
We end this section by discussing the behavior of the boundary trees when p = 0 is the apex
of N . In the stable case, each of these trees is a star tree with ten leaves. As the valuations of
the Cross functions become higher than expected, Algorithm 1 produces trees on TXY with five
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bounded edges adjacent to a central vertex and two leaves adjacent to the other end of each edge.
These two leaves are swapped by the involution in Corollary 11.1. Furthermore, the valuations of
the five relevant Cross functions associated to the five anticanonical triangles containing a given
exceptional curve E give the lengths of the five bounded edges on T E. Figure 6 shows the tree
T E1 with its leaf labelling and metric.
Notice that, for dimensional reasons, these five valuations cannot be arbitrary and a linear
relation among the edge lengths of T E must occur. Such relation does not arise from an algebraic
relation among the associated Cross functions but can be derived from numerical examples. The
existence of cubic surfaces with Eckardt points ensures that for some choice of Y with valuation
zero the valuation of some of these five Cross functions will be strictly positive. This guarantees
the existence of non-stable tropical surfaces for the apex of N . We leave the construction of a new
tropical moduli space adapted to these unstable tropical surfaces for future work.
13. Combinatorial types of stable anticanonical tropical del Pezzo cubic surfaces
As we discussed in Theorem 12.1 and Proposition 12.2, the combinatorics and metric structure on
the boundary of stable tropical del Pezzo cubic surfaces in TP44 without Eckardt points is completely
determined by the Naruki fan. Furthermore, Lemma 3.15 showed the intersection complex of
the tree arrangement in the boundary of each T X is encoded in the Schla¨fli graph, just as it
happened with the tropicalization induced by the Cox embedding [28, Section 2]. In this section,
we extend these similarities to the interior of each such surface. Our goal is to prove the first half
of Theorem 1.3, namely that the combinatorics type of each surface agrees with that induced by
Cox embedding, described explicitly in [28, Table 1].
We address this question by working with the universal cubic surface X
L̂
over the field L̂
from (3.1) with its Cox and anticanonical embeddings described in Theorems 3.2 and 3.5. In
what follows we discuss the precise connection between them. Our choice of markings t and s for
the 45 anticanonical triangles and the 27 exceptional curves from Remark 2.11 yields an W(E6)-
equivariant degree three monomial map
(13.1) α : SpecK[s]→ SpecK[t].
Its exponents vectors are encoded by a rank 21 matrix of size 45 × 27 with 0/1 entries and three
nonzero entries per row. The matrix, which is denoted by A, is recorded in the Supplementary
material. By Remark 3.6, the map α is compatible with the natural gradings on the two coordinate
rings. By construction, α induces the equivariant monomial map between the Cox and anticanonical
embeddings of X
L̂
.
The natural gradings on L̂[t] and A(X
L̂
) discussed in Section 3 induce natural torus actions on
K[s] and K[t]. More precisely, the action of an element t = (t0, t1, . . . , t6) of the 7-dimensional
multiplicative split K-torus G7m on SpecK[s] is determined by the Z
7-grading from (3.4) as follows:
(13.2) t∗Ei= tiEi ; t∗Gi= t
2
0(
∏
k 6=i
tk)
−1Gi (1 ≤ i ≤ 6) ; t∗Fij= t0(titj)
−1Fij (1 ≤ i < j ≤ 6).
The action on K[t] is obtained by combining the latter with the definition of the 45 symbols xij ,
yijklmn in t as degree three monomials in s.
The rank seven sublattice Λ of Z27 inducing the action from (13.2) is saturated and contains the
all-ones vector. At the cocharacter level, the all-ones vector action is obtained from the cocharacter
t30t1 · · · t5. The grading induced by it identifies Proj(K[t]) with P
26. It inherits an action by the
torus G7m/Gm. The action of t0 on each variable in t is given by scalar multiplication by t
3
0. It
follows that Proj(K[s]) is a 3-weighted projective space, which by abuse of notation we denote as
P44. The monomial map α from (13.1) is compatible with the torus actions discussed above and
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induces a monomial degree three map on the quotient space:
(13.3) α : P26/(G7m/Gm) ≃ Proj(K[s])/(G
7
m/Gm)→ Proj(K[t]) ≃ P
44.
Each smooth del Pezzo cubic X with no Eckardt points defined over the field K is obtained from
X
L̂
by specializing the parameters d1, . . . , d6 away from the vanishing locus of the product of all
Yoshida and Cross functions from Table A.2 and Table A.3. Furthermore, for any such choice, the
corresponding del Pezzo cubic embeds in P26/(G7m/Gm). This perspective extends the embedding
of the very affine surface X0 in G27m/G
7
m over K introduced in [28, Section 2], where X
0 is obtained
from X by removing its 27 exceptional curves. Composing with α yields
X →֒ P26/(G7m/Gm)
α
−→ P44.
Remark 13.1. Notice that the choice of coordinates on P44 is given by the marking t, rather than
the scaled variables in the set T from (3.7). The tropicalization of X in TP44 induced by the latter
is obtained by translating the tropicalization of X with respect to the embedding in Theorem 3.8
by the image of the vector trop(Q) := (val(Qij), val(Qijklmn) : ij, ijklmn) ∈ R
45/R·1. This simple
operation preserves the combinatorial types.
We now turn our attention to the combinatorial types of anticanonical stable tropical del Pezzo
cubics in TP44 discussed in the first part of Theorem 1.3. Our next statement shows that these
types match the classification for Cox embeddings, as predicted by Ren, Shaw and Sturmfels in [28,
Section 5]. The remainder of this section will be devoted to its proof.
Theorem 13.2. The combinatorics of stable tropical del Pezzo cubics without Eckardt points in
TP44 obtained by the anticanonical and Cox embeddings agree.
Proof. By Remark 13.1 it suffices to show this statement for the embedding induced by the marking
t. The result follows by translating the classification of tropical cubics induced by the Cox embeed-
ing [28, Table 1] to the anticanonical embedding in P44 using the map α from (13.3). Proposition 13.3
shows the combinatorics of both tropicalizations is the same. 
The explicit relation between the Cox and anticanonical embeddings of the universal cubic sur-
face is governed by the map α from (13.3). We are thus compelled to study its behavior under
tropicalization. We let Λ := Λ/Z·1 be the lattice inducing the action of G7m/Gm on P
26 obtained
from (13.2). This action allows us to consider the quotient space TP26/ΛR, where ΛR := Λ ⊗Z R.
By functoriality with respect to monomial maps, the tropicalization of α yields a linear map
(13.4) trop(α) : TP26/ΛR → TP
44
having the same associated 45 × 27-matrix A as (13.1) did. The map trop(α) is well defined since
the preimage of Z·1 under A is the lattice Λ.
Our next result ensures that the combinatorics of T X ⊂ TP26/ΛR are preserved under trop(α):
Proposition 13.3. The tropical map trop(α) from (13.4) is injective on each T X ⊂ TP26/ΛR.
Proof. The definition of the map α from (13.3) is compatible with the boundary structure on
the source and target spaces by Corollary 3.13 and Lemma 3.14. This compatibility is preserved
under tropicalization. In particular, the preimages of distinct strata of TP44 are disjoint strata
of TX ⊂ TP26/ΛR. Thus, it suffices to check injectivity on each strata of TX arising from the
stratification of TP26/ΛR.
We start by discussing the big open cell (R27/R·1)/ΛR. Injectivity follows from the definition of
the map α# between the coordinate rings in (13.1) because
ker(trop(α#)) ∩ (R27/R·1) = ker(A) ∩ (R27/R·1) = ΛR.
The last identity is checked by a simple matrix multiplication in the Supplementary material.
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In the stable case, Lemma 3.15 implies that the recession fan of T X in both TP26/ΛR and TP
44
is the cone over the Schla¨fli graph. Hence, points in the boundary of T X in TP26/ΛR lie in at
most two hyperplanes at infinity. There are two types of boundary strata up to W(E6)-symmetry,
each determined by the number of ∞-coordinates. We choose our two representatives as those
associated to the curve E1 and the pair (E1, F12), respectively. Keeping the notation from the
proof of Theorem 3.5, they are defined inside T X ⊂ TP26/ΛR by the conditions e1 = ∞ and
e1 = f12 = ∞, respectively. The latter consists of a single point (the tropicalization of the node
E1 ∩ F12), so injectivity follows automatically.
On the relative interior of the strata of TX defined by e1 =∞, a point is defined by the remaining
26 coordinates. Its image under trop(α) will have ∞ coordinates precisely at the five anticanonical
triangles x1i for i = 2, . . . , 6. Thus, the image on the strata will be completely determined by the
35× 26 submatrix A′ of A associated to the remaining coordinates. A simple calculation available
in the Supplementary material shows that the projection of the lattice Λ to Z26 is a saturated
rank-7 lattice Λ′ containing the all-ones vector. Furthermore, A′ has rank 20 and it contains the
R-span of Λ′. We conclude that A′ is injective on the quotient space R26/Λ′R. The same holds for
trop(α) and the boundary strata of T X induced by e1, as we wanted to show. 
Appendix A. Computations
A.1. Coble covariants. Tables A.1, A.2, and A.3 list our choice of positive roots, Yoshida func-
tions, and Cross functions, respectively.
Roots r0 to r5 Roots r6 to r11 Roots r12 to r17 Roots r18 to r23 Roots r24-r29 Roots r30 to r35
−d1 + d2 −d2 + d4 −d1 + d4 −d2 + d6 −d1 + d6 d2 + d4 + d6
d1 + d2 + d3 d1 + d2 + d4 d1 + d2 + d5 −d1 + d5 d2 + d3 + d6 d2 + d5 + d6
−d2 + d3 −d4 + d6 −d3 + d6 d1 + d3 + d5 d2 + d4 + d5 d3 + d4 + d6
−d3 + d4 −d1 + d3 d1 + d3 + d4 d1 + d4 + d5 d1 + d4 + d6 d3 + d5 + d6
−d4 + d5 −d3 + d5 d2 + d3 + d4 d2 + d3 + d5 d1 + d5 + d6 d4 + d5 + d6
−d5 + d6 −d2 + d5 d1 + d2 + d6 d1 + d3 + d6 d3 + d4 + d5 d1 + · · ·+ d6
Table A.1. A choice of 36 positive roots of E6.
k= 0 to 9 10 to 19 20 to 29 30 to 39
r10r11r12r2r22r24r27r35r8 r13r16r19r2r20r25r27r34r8 r0r10r12r14r33r35r5r6r7 r0r13r14r23r25r29r34r4r7
r1r18r21r23r29r30r31r4r9 r1r12r16r2r21r27r31r33r5 r1r15r26r28r30r33r5r6r9 r11r14r23r24r26r35r4r6r9
r15r17r18r20r25r26r34r4r9 r11r13r15r22r23r30r34r8r9 r0r1r2r34r35r4r5r8r9 r10r12r15r17r18r21r22r30r33
r16r19r2r24r28r3r35r5r6 r14r19r20r25r26r28r32r6r7 r0r10r17r20r22r32r34r7r8 r11r15r17r22r24r26r28r3r32
r1r19r2r21r22r28r30r32r8 r11r12r13r14r15r25r26r27r33 r11r12r14r21r22r23r31r32r7 r10r16r17r20r24r26r27r33r6
r12r15r2r22r25r28r34r5r7 r13r14r16r19r21r23r30r33r6 r12r14r18r19r2r21r25r35r4 r0r10r17r18r24r29r3r35r4
r0r13r15r16r17r3r33r34r5 r16r17r2r21r22r23r24r34r4 r0r1r10r13r27r29r30r33r8 r0r11r13r14r19r3r32r35r8
r10r18r19r20r30r35r6r8r9 r11r12r15r18r3r31r35r5r9 r10r22r23r24r28r29r30r6r7 r0r1r28r29r3r31r32r5r7
r16r20r23r31r34r5r6r7r9 r1r2r24r25r26r27r28r29r4 r13r15r18r19r25r28r29r3r30 r0r1r14r17r21r26r32r33r4
Table A.2. Yoshida functions Yk for 0 ≤ k ≤ 39 expressed as products of roots.
The order of the nine factors on each expression matches the ordering given by Sage.
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k= 0 to 14 15 to 29 30 to 44 45 to 59 60 to 74 75 to 89 90 to 104 105 to 119 120 to 134
−Y12 + Y36 Y17 −Y32 −Y10 + Y4 −Y1 + Y38 −Y0 −Y35 Y28 − Y32 Y1 + Y9 Y18 − Y35 Y31 − Y36
−Y2 + Y35 −Y27 − Y31 −Y34 − Y38 −Y34 + Y7 −Y10 − Y30 −Y23 + Y37 −Y31 + Y34 −Y36 + Y4 Y1 − Y26
Y20 −Y8 −Y39 + Y4 −Y19 + Y37 Y17 −Y33 Y37 −Y39 −Y10 + Y11 −Y22 + Y23 −Y17 + Y5 Y34 −Y9
Y30 −Y36 −Y12 − Y29 Y2 − Y30 Y18 −Y19 Y12 −Y8 Y2 − Y25 −Y3 + Y33 −Y2 + Y31 −Y31 −Y39
Y1 − Y17 −Y21 + Y37 Y15 −Y21 −Y24 + Y4 Y28 + Y3 −Y0 + Y12 Y14 + Y20 −Y23 −Y27 −Y25 − Y4
Y27 −Y33 −Y19 − Y7 Y24 −Y39 Y21 −Y8 −Y11 + Y14 −Y3 + Y8 Y39 + Y7 Y10 − Y15 Y20 − Y23
−Y21 − Y32 Y27 + Y35 −Y26 + Y37 Y7 −Y8 Y23 −Y38 −Y28 − Y5 Y33 −Y5 −Y1 + Y19 −Y0 −Y27
−Y39 − Y9 Y4 + Y9 −Y34 − Y8 −Y26 + Y30 Y31 + Y8 Y1 − Y24 −Y22 + Y35 Y15 − Y20 −Y15 + Y36
−Y16 + Y18 Y5 + Y6 −Y12 − Y33 −Y11 + Y25 Y14 −Y19 −Y23 + Y26 −Y8 + Y9 Y16 + Y5 Y1 − Y39
−Y29 + Y9 −Y24 + Y30 −Y18 − Y26 Y18 −Y39 −Y17 + Y36 −Y16 − Y35 Y29 + Y39 Y15 − Y24 Y12 − Y15
Y12 −Y4 Y26 −Y39 −Y16 − Y23 −Y3 −Y36 −Y11 + Y38 −Y4 − Y7 Y23 −Y6 Y0 − Y26 Y22 −Y3
Y25 + Y30 −Y17 − Y28 Y13 −Y15 −Y12 + Y16 −Y13 + Y19 Y19 − Y24 Y13 −Y3 Y3 − Y37 −Y13 + Y39
Y35 −Y7 Y12 −Y24 Y14 −Y31 −Y12 − Y27 Y13 −Y28 −Y13 − Y30 Y14 − Y39 −Y15 + Y6 Y22 −Y7
−Y37 − Y4 −Y19 + Y2 Y10 −Y16 −Y14 − Y18 Y1 + Y8 Y22 − Y39 Y22 + Y6 −Y13 + Y37 −Y34 − Y6
−Y10 − Y6 Y11 −Y21 Y1 + Y28 −Y17 + Y3 Y38 + Y6 −Y29 − Y3 Y15 −Y4 −Y25 −Y35 −Y13 + Y5
Table A.3. Cross functions Crossk for 0 ≤ k ≤ 134 in terms of Yoshida functions.
We list one out of four possible linear binomial expressions giving each Cross func-
tion. The remaining ones are available in the Supplementary material. Each consec-
utive triple corresponds to one anticanonical triangle, ordered by x31, x45, y162345,
x12, y142635, x53, x41, x24, x51, x43, y152346, x16, x63, y152436, x14, x61, y132456, x65,
y152634, y123456, y162435, x26, x56, y162534, x46, x54, x13, y123546, x32, x52, x35, x25,
y123645, x36, x34, x23, x62, x15, x21, y132645, y142536, x64, x42, y142356 and y132546.
A.2. W(E6) action. They Weyl group W(E6) acts on the roots ±r0, . . . ,±r35 in the standard way.
The action on the roots induces an action an action on the Yoshida functions Y0, . . . ,Y39, and on
the Cross functions Cross0, . . . ,Cross134.
gen. σ1 σ2 σ3 σ4 σ5
S6 (1 2) (2 3) (3 4) (4 5) (5 6)
signs Y142536 ↔ −Y152436 Y162534 ↔ −Y162435 Y142356 ↔ −Y142536 None Y142536 ↔ −Y142635
Y132645 ↔ −Y123645 Y132456 ↔ −Y142356 Y162534 ↔ −Y152634
Y123546 ↔ −Y123546
gen. action on h∗6 = 〈d1, . . . , d6〉 action on the scaled anticanonical coordinates from T
σ6

1 0 0 1/3 1/3 1/3
0 1 0 1/3 1/3 1/3
0 0 1 1/3 1/3 1/3
0 0 0 1/3 −2/3 −2/3
0 0 0 −2/3 1/3 −2/3
0 0 0 −2/3 −2/3 1/3

X12 ↔ −X13; X14 ↔ X14; X15 ↔ X15;
X16 ↔ X16; X21 ↔ −X23; X24 ↔ X24;
X25 ↔ X25; X26 ↔ X26; X31 ↔ −X32;
X34 ↔ X34; X35 ↔ X35; X36 ↔ X36;
X41 ↔ Y142356; X42 ↔ Y132456; X43 ↔ Y123456;
X45 ↔ −X65; X46 ↔ −X56; X51 ↔ Y152346;
X52 ↔ Y132546; X53 ↔ Y123546; X54 ↔ −X64;
X61 ↔ Y162345; X62 ↔ Y132645; X63 ↔ −Y123645;
Y142536 ↔ Y142536; Y142635 ↔ Y142635; Y152436 ↔ Y152436;
Y152634 ↔ Y152634; Y162435 ↔ Y162435; Y162534 ↔ Y162534.
Table A.4. Action of W(E6) via involutions. Each σi with i = 1, . . . , 5 acts on the
di’s by permuting subscripts and on the scaled anticanonical coordinates from the
set T by signed subscript permutations. The negative signs are listed. The action
of σ6 on the roots is obtained from the action on 〈d1, . . . , d6〉 by left multiplication
by the matrix on the table. Its action on the variables in T is linear and determined
by signed correspondences in the table.
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The identification of E6 with the orthogonal complement of the canonical divisor in the Picard lat-
tice of the cubic surface determines the action of W(E6) on its markings. We fix the correspondence
that takes Ei−Ej to di−dj . This yields an action of W(E6) on the set {Ei, Fij , Gj}ij of exceptional
curves, and likewise, on the set {EiFijGj}ij ∪ {FijFklFmn}i,j,k,l,m,n of anticanonical triangles. The
later induces a signed action on the variables {Xij , Yijklmn} of the universal anticanonical ring
of Theorem 3.8. The sign choice is not canonical (see the discussion preceeding (3.7).)
Table A.4 describes the action of a set of generators of W(E6) on the roots, the set of exceptional
curves, and the set of variables of the universal anticanonical ring, which fixes our sign conven-
tion. Our 6 generators {σ0, . . . , σ5} depend on a choice of labeling of the E6 Dynkin diagram as
in Figure 1. The vertex i induces a simple root with label ri, and the generator σi corresponds to
the reflection about the hyperplane perpendicular to the root ri.
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